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Abstract 

The Rabinowitz-Floer homology of a Liouville domain W is the Floer homology of the 
Rabinowitz free period Hamiltonian action functional associated to a Hamiltonian whose zero 
energy level is the boundary of W . This invariant has been introduced by K. Cieliebak and 
U. Frauenfelder and has already found several applications in symplectic topology and in 
Hamiltonian dynamics. Together with A. Oancea, the same authors have recently computed 
the Rabinowitz-Floer homology of the cotangent disk bundle D* M of a closed Riemannian 
manifold M, by means of an exact sequence relating the Rabinowitz-Floer homology of D* M 
with its symplectic homology and cohomology. The first aim of this paper is to present a 
chain level construction of this exact sequence. In fact, we show that this sequence is the long 
homology sequence induced by a short exact sequence of chain complexes, which involves the 
Morse chain complex and the Morse differential complex of the energy functional for closed 
geodesies on M. These chain maps are defined by considering spaces of solutions of the 
Rabinowitz-Floer equation on half-cylinders, with suitable boundary conditions which couple 
them with the negative gradient flow of the geodesic energy functional. The second aim is to 
generalize this construction to the case of a fiberwise uniformly convex compact subset W of 
T*M whose interior part contains a Lagrangian graph. Equivalently, W is the energy sublevel 
associated to an arbitrary Tonelli Lagrangian L on TM and to any energy level which is larger 
than the strict Mane critical value of L. In this case, the energy functional for closed geodesies 
is replaced by the free period Lagrangian action functional associated to a suitable calibration 
of L. An important issue in our analysis is to extend the uniform estimates for the solutions 
of the Rabinowitz-Floer equation - both on cylinders and on half-cylinders - to Hamiltonians 
which have quadratic growth in the momenta. These uniform estimates are obtained by the 
Aleksandrov integral version of the maximum principle. In the case of half-cylinders, they 
are obtained by an Aleksandrov-type maximum principle with Neumann conditions on part 
of the boundary. 
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Introduction 

Let (W, A) be a Liouville domain, that is a compact connected 2n-dimcnsional manifold with 
boundary, equipped with a one- form A - the Liouville form - such that u) := dX is a symplectic 
form on W, and that the Liouville vector field Y defined by tyw = A is transverse to dW and points 
in the outward direction (we borrow the terminology Liouville domain from Seidel, see |Sei08] ). 
Recently, K. Cieliebak and U. Frauenfelder [CF09aj have associated an algebraic invariant to such 
a structure, called the Rabinowitz-Floer homology of (W, A). 

This is the homology of a chain complex, whose generators are either constant loops in dW 
or reparametrized closed orbits of the Reeb vector field R on dW induced by the contact form 
a := \\ew- I n the construction, one considers the completion W of W, that is the symplectic 
manifold obtained by attaching to W the collar dW x [l,+oo[ and by extending the Liouville 
form to W by setting A := pa on the collar, where p e [l,+oo[ denotes the second component 
in dW x [l,+oo[. One chooses a Hamiltonian H € C°°(W) whose zero level set is dW, which 
is negative on the interior part of W, and whose Hamiltonian vector field restricts to the Reeb 
vector field R on dW . Then one looks at the Hamiltonian action functional on the space of loops 
y : R/77Z — > W of arbitrary period rj > 0: 



y*X- / H(y(r))dT. 

m./r]Z Ji/tjz 

If we reparametrize each of such loops y on the circle of unit length T := K/Z by setting x(t) 
y{rjt), we obtain the Rabinowitz action functional 



AO, 77) := / x*X-r) / H(x{t))dt, 

which was used by P. H. Rabinowitz |Rab78j in his proof of the Weinstein conjecture for star- 
shaped domains of R 2 " . Although we started with a positive rj, the functional A makes sense 
for all real values of 77, and we can see it as a functional on AW x R, where AW is the space of 
smooth closed loops x : T — * W . Its critical points are either of the form (x, 0), with x a constant 
loop in dW, or (x, 77), with 77 ^ and y(r) :— x(t/t]) a closed Reeb orbit on dW with (not 
necessarily minimal) period \q\. If one endows AW with the L 2 -Riemannian structure induced 
by an cj-compatible /j-dependent almost complex structure Jt, t € T, on W, the negative gradient 
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equation for A has the form 



+ Jt(u(s,t)) (^(s,t) - r](s)X H (u(s,t)) ) = 0. 



2Z(8) = J H{u(8,t))dt, 



(1) 



where w is a map from the cylinder IxT, endowed with coordinates (s, i), to W, 77 is a real 
function on R, and ATy denotes the Hamiltonian vector field on (W, u>) induced by H. We refer 
to the system of PDE's ([1]) as to the Rabinowitz-Floer equation. The Rabinowitz-Floer complex 
of (W, A) is then defined by counting solutions of the equation ([lj which connect different critical 
points of A. Actually the critical points of A are never isolated, so one needs to work in a Morse- 
Bott setup: Up to a small perturbation of dW within W, the critical set crit A of the Rabinowitz 
action functional consists of smooth finite dimensional manifolds, so one fixes an auxiliary Morse 
function a on crit A, and considers the set of negative gradient flow lines with cascades for (A, a) 
(see the Appendix of Fra04j and Section [3] below). The Z2-vector space RF is defined as the space 
of formal sums of critical points of a, which are possibly infinite but on which A is bounded from 
above. A counting process on the space of gradient flow lines with cascades for (A, a) produces a 
homomorphism d : RF — > RF such that d 2 = 0. When the transverse Conley-Zehnder index of the 
Reeb orbits of R is well-defined, RF carries a Z-grading, so (RF*, d) is a chain complex of Z2-vector 
spaces, which is called the Rabinowitz-Floer complex of (W, A, a) and is denoted by RF(W, A, a). 
Its homology does not depend on the choice of the auxiliary data and is called the Rabinowitz-Floer 
homology of (W, A). Rabinowitz-Floer homology has the following important vanishing property: 
HRF(W, A) = whenever there is an embedding ip : W c — > W' into the interior part of another 
Liouville domain (W',A'), such that ip* X' — A is exact and <p(W) is displaceable within W by 
a Hamiltonian isotopy (see Theorem 1.2 in |CF0 9a ; in order to prove this theorem and other 
invariance results, it is useful to define the Rabinowitz-Floer homology of (W, A) by using more 
general ambient manifolds than the completion W; the fact that the resulting homology does not 
depend on the choice of the ambient manifold is proved in [CFO09j . Proposition 3.1). The fact 
that the Rabinowitz-Floer homology of (W, A) vanishes implies the existence of closed Reeb orbits 
on dW, because otherwise HRF(W, A) would be isomorphic to the singular homology of dW (see 
Corollary 3.3 in |Sch06j for a proof of this fact under weaker assumptions). 

Rabinowitz-Floer homology has already found quite a number of other applications. It pro- 
vides obstructions for the existence of contact embeddings of unit cotangent sphere bundles (see 

CF09aJ and [CFO09 ), it allows to prove existence and multiplicity results for leaf- wise intersec- 
tions points (sec [AF08^ and |AF08bj ). and it plays a relevant role in the study of the dynamics 
and the symplectic topology of energy hypersurfaces of magnetic flows on cotangent bundles (see 

CFP09 , where Rabinowitz-Floer homology is extended to domains whose boundary need not be 
of contact type, but satisfies substantially weaker assumptions). An important ingredient in all 
these applications is to determine the Rabinowitz-Floer homology of (D*M, A), the unit cotangent 
disk bundle of a closed Riemannian manifold (M, g), equipped with the restriction of the canonical 
Liouville one-form of the cotangent bundle T*M. In this case, the completion of D*M is T*M, 
its boundary is S*M, the unit cotangent sphere bundle, and the Reeb flow on S*M coincides with 
the geodesic flow. 

When M is the sphere, HRF(D*M,X) was computed in |CF09aj . while in the case of an 
arbitrary closed manifold it has been determined by K. Ciclicbak, U. Fraucnfcldcr, and A. Oancea 
in |CFO09j . In the latter paper, the authors show that the Rabinowitz-Floer homology groups fit 
into an exact sequence of the form 

► SH h {W, A) -> HRF k (W, A) -» SH^iW, A) -» SH k ^(W, A) — » . . . (2) 

where SH* (W, A) and SH* (W, A) are the symplectic homology and cohomology groups of (W, A) 
(see [FH94] . [CFH95] . |Vit99j . |Oan04j . and |Sei08j ). This exact sequence is built by introducing 
a version of symplectic homology for U-shaped Hamiltonians, which naturally fits into an exact 
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sequence of the above form, and by proving that such a homology is isomorphic to Rabinowitz- 
Floer homology. The latter isomorphism is the deep part of the proof in [CFO 09 . In the case 
W = D*M, using the fact that SH*(D*M,\) and SH*(D* M, A) are isomorphic to the singular 
homology and cohomology of AM, the free loop space of M (as proved by Viterbo in |Vit03j ). the 
exact sequence ([2]) takes the form 

► H k (AM) -> HRF k (D*M, A) -> H 1 ~ k (AM) -> ff fe _ 1 (AM) (3) 

Moreover, the homomorphism 

i^-^AM) -» ff fe _i(AM) 

is clearly zero, except possibly for k = 1, where it is shown to be the multiplication by %(T*M), the 
Euler number of the vector bundle T*M — ► M, on the space of contractible loops, and to vanish 
on all the other components of AM. These facts allow to completely determine HRF(D*M, A) 
(see Theorem 1.10 in |CFO09j and Section M below) . 

The first aim of this paper is to present an alternative, direct construction of the exact 
sequence © (hence, an alternative way of determining HRF(D*M, A)). The starting idea is that 
([3]) should be thought as the long exact homology sequence induced by a short exact sequence of 
chain complexes of the form 

-» C fe (AM) -» RF k {D*M, A, a) -> C 1 ~ k (AM) -> 0. 

Here C*(AM) and C*(AM) are a chain complex and a differential complex inducing the homology 
and the cohomology of AM, for instance the complexes associated to a cellular filtration of AM. 
These complexes can also be obtained from the classical infinite dimensional Morse theory (see 
[Pal63j . |Kli82j . and [AM06J ) of the geodesic energy functional 

E( 7 )= f g{j{t),j{t))dt 

on the space W 1,2 (T, M) of absolutely continuous closed loops in M with square integrable velocity. 
For a generic Riemannian metric g, E is a Morse-Bott functional on W 1,2 (T,M), and one can 
associate to it a Morse chain complex (M*(E, e), d) and a Morse differential complex (M*(E, /), 5) 
by looking at the flow lines with cascades produced by the W^ 1,2 -negative gradient flow of E, 
together with the negative gradient flow of auxiliary Morse functions e and / on crit E. Here, it 
is actually useful to choose e to be suitably compatible with the auxiliary Morse function a on 
crit A, and / to coincide with — e (see conditions (A0-A4) in Section [5] below) . The homology of 
M*(E, e) is isomorphic to the singular homology of AM, while the cohomology of M*(E, — e) is 
isomorphic to the singular cohomology of AM. Therefore, our aim is to construct a short exact 
sequence of chain complexes of the form 

-> M fc (E, e) -> RF k (D*M, A, a) -> A/ 1_fc (E, -e) -> 0. (4) 

In the construction of the Rabinowitz-Floer complex, it is natural to consider the Hamiltonian 

H(q,p) = \{g* q (p,v) - 1), Vq S M, p e T*M, (5) 

where g* is the inner product on T*M dual to g, so that the flow of Xh is precisely the geodesic 
flow on T*M. The necessity to work with the quadratic Hamiltonian H, instead of with Hamil- 
tonians which are constant outside a compact set, requires us to generalize the L°° estimates for 
the Rabinowitz-Floer equation fl} proved in [UF09aj . We discuss this point at the end of this 
Introduction. 

The construction of the chain maps appearing in ^ is based on counting solutions of a mixed 
problem and is similar to the construction that we introduced in [A"S06j. More precisely, the 
definition of the chain map 

$ : M* (E, e) -> RF* (D*M, A, a) 
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is based on counting solutions of the following mixed problem: Given 7 a critical point of E and 
z a critical point of A, we consider the space of pairs 

u : [0, +oo[xT — > T*M, 17 : [0, +oo[^ M, 

which solve the Rabinowitz-Floer equation |T]), converge to z for s — > +00, and satisfy the boundary 
conditions 

7tou(0,-) e T^ M ( 7 ;-VE), 77(0) =v'%o«(0 r )), (6) 

where ?r : T*M -> M is the projection and M /U (7;-VE) C W 1,2 (T,M) denotes the unstable 
manifold of 7 with respect to the W 1,2 -riegative gradient flow of E. Actually the Morse-Bott 
situation requires us to consider solutions with cascades of the above problem, see Section [5] below 
for a precise definition. In order to keep the presentation simpler, we systematically ignore this 
point within this Introduction. The second coupling condition in ([5]) is suggested by the inequality 

A(x, ^£(71- oz)) < y/E{no X ), V.t <e AT*M, (7) 

and by the fact that equality holds when (x, y / E(7T o x)) is a critical point of the Rabinowitz action 
functional (see Lemma 15 . II below) . Indeed, the latter inequality allows us to prove the necessary 
compactness for the above mixed problem, and to construct a left inverse $ for $. 
Similarly, the chain map 

* : RF*(D*M,\,a) -> M 1_ *(E,-e) 

is built by considering solutions 

u : } - oo,0] x T -> T*M, r\ : } - 00, 0] -> K, 

of the Rabinowitz-Floer equation |T]), which converge to a critical point z of A for s —00, and 
satisfy the boundary conditions 

7rou(0,— ) e M / "(7;-VE), r/(0) = - VE(vr o u(0, •)). 

Note that the reversed parametrization of the loop u(0, •) is considered here. Then we use the 
inequality 

A(z,-VE(7rox)) > --v/E(7roa;), Vx G AT*M, (8) 

and we construct a right inverse ^ for which is then surjective. 

The composition ^ o $ might not be zero, but we can show that it is chain homotopic to zero, 
that is 

* o $ = Pd + SP, 

where the chain homotopy 

P : M»(E,e) -> M~*(E,-e) 
is defined by counting finite length cylinders over minimal closed geodesies, that is solutions 

U : [-S, 5] X T — >■ T*M, tj : [-S, S] — > K, 

of the Rabinowitz-Floer equation ([1]) for some S > 0, which satisfy the boundary conditions 

nou(-S,-)=-y-, r)(-S) = VlfF), ^o U (5,-)=7 + (-), = -^^7+), 

where 7^ and 7+ are closed geodesies of Morse index zero. The main point in the construction 
of P and in the proof of the fact that it is a chain homotopy between ^ o $ and zero is to show 
that the length 25 of the cylinders in the above problem - and in the analogous problem in which 
the sum of the indices of the closed geodesies 7" and 7 + is 1 - is bounded away from zero (see 
Lemma 18.21 below) . Then $ can be modified within its chain homotopy class, obtaining the chain 
map 

9 := $ _ f PQ - d$P, 
and our first main result is the following: 
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Theorem 1 The short sequence of chain complexes 

-> M*(E,e) RF*{D*M,\,a) M 1_ *(E,-e) -> 

is exact and has a canonical splitting. After identifying Morse (co)homology with singular (co) homology 
by the isomorphisms 

HM k (E, e) = H k (AM), HM k (E, -e) = H k (AM), 

the associated long exact sequence takes the form 

► H k (AM) e ^?* HRFk (D* M, A) H 1 ~ k (AM) ^ H k -i{AM) -> . . . 

where the connecting homomorphism A* can be non-zero only in degree zero, and where 

A, : H°(AM) -> Hq(AM) 

vanishes on the components of AM containing non-contractible loops, and is the multiplication by 
the Euler number \{T* M) on the component of AM consisting of contractible loops. 

See Theorem 19.11 below for a more precise statement. The long exact sequence of the theorem 
above is precisely the exact sequence ([3]) from [CFO09] (see the end of Section [9] for comments 
about this). When compared to [CFO09] , our approach has advantages and disadvantages. An 
obvious limitation is that our construction of the maps and heavily uses the cotangent bundle 
structure, so we do not find the exact sequence (J3]) as a particular case of (J2J. On the other hand, 
we obtain quite natural maps already at the chain level. Moreover, although here - for sake of 
simplicity - we work with Z 2 coefficients, our construction could be extended to arbitrary coefficient 
groups, in particular to the integers, and the canonical splitting would still exist. The approach 
in [CFO09] , instead, makes extensive use of direct and inverse limits of chain complexes, and for 
this reason it needs a Mittag-Leffler condition to be fulfilled, which forces to choose coefficient in 
a field (see |CF09bj for a discussion of this point). 

In our second result, we treat the following class of domains: W is a compact subset of T*M, 
it has smooth fiberwise uniformly convex boundary, and its interior contains a Lagrangian graph, 
that is 

{(?,%)) \ qeM}c1nt(W), 
for some closed one- form 8 on M. Such a W is a Liouville domain with respect to the one- form 

Xg := A — 7r*(9, 

and the standard symplectic form u> — dX — dXg. Its completion is naturally identified with 
(T* M, Xg). Equivalently, such a W can be obtained by starting from an arbitrary Tonelli La- 
grangian L G C°°(TM) (that is, L is superlinear and has positive fiberwise second differential) 
and by considering the set of phase space points whose energy does not exceed k, where k is larger 
than the strict Mane critical value cq(L) (see |PP97] . [CIPP98] . and Remark 1 1 . 1 1 below) . 

A standard homotopy argument could be used to prove that the Rabinowitz-Flocr homology of 
(W, Xg) is isomorphic to the Rabinowitz-Flocr homology of (D*M, A), but again we wish to work 
at the chain level, and to find connections with the Morse theory of functionals from Lagrangian 
classical mechanics. The fact that the interior part of W contains a Lagrangian graph implies that 
the flow of the Reeb vector field R on (dW, Xg\gw) is equivalent, up to time reparametrizations, 
to a Finsler geodesic flow (see [CIPP98] ). Therefore, one could adapt the proof of Theorem Q] 
to the Finsler energy functional. Instead, we prefer to compare the Rabinowitz-Floer complex of 
(W, Xg) to the Morse chain complex and differential complex of the free period Lagrangian action 
functional. We start by seeing dW as the zero level set of a suitably quadratic Hamiltonian 
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H £ C°°(T*M), whose fiberwise second differential is positive, and we consider its Fenchel dual 
Lagrangian L S C°°(TM), defined by 

L(q,v) := max({p,v)-H(q,p)). 

p&T*M \ / 

By using the Hamiltonian characterization of the Mane critical value c(L), which was discovered 
by G. Contreras, R. Iturriaga, G. P. Paternain, and M. Paternain in CIPP98], we deduce that 
the Mane critical value 

c(L-0):=inf{/s€R J (£(7, 7') - 6»( 7 )[ 7 '] + k) dr > 0, 

V7 : R/TZ -> M absolutely continuous, VT > j 

is strictly negative. This fact implies that the free period Lagrangian action functional associated 
to the Lagrangian L — 9, which, after the usual reparametrization on T = R/Z, takes the form 

S : W^ 2 (T,Af)x]0,+oo[^R, E>{q,T):=T [ (L - 9)(q(t),q' (t)/T) dt, 



JT 

is positive and satisfies the Palais-Smale condition at every positive level, as shown by G. Con- 
treras in [Con06j (see also |C1PP00] V We recall that (q,T) is a critical point of S if and only 
if j(t) := q(t/T) is a T-periodic solution of the Euler-Lagrange equation associated to L — 9, 
which coincides with the Euler-Lagrange equation associated to T, of zero energy. Therefore, the 
Legendre transform identifies (7, 7') with a T-periodic orbit of the Hamiltonian vector field Xh 
on dW, which by our choice of H coincides with the Reeb vector field R. 

The functional S is in general just C 1 ' 1 on the Hilbert manifold M := W 1,2 (T, M) x]0, +00 [, 
but under the usual Morse-Bott assumption we can build a smooth pseudo-gradient vector field 
for it, arguing as in [AS09 . The Morse chain complex and differential complex of such a pseudo- 
gradient vector field are denoted by 

Ml°- +co[ (S,s), M]* 0i+oo[ (S,- S ), 

where s is the auxiliary Morse function on crit S, and their homology and cohomology are isomor- 
phic to 

HM ] k ' +oo[ (§, s) S H k (AM, M), HMf 0t+oo[ {S, -s) S H k (AM, M), Vfc e Z, 

where M C AM denotes the space of constant loops. The restriction of the functional § to the 
space M° of all (q, T) € M. with q contractible has critical points at infinity, in the sense of A. 
Bahri |Bah89j : The infimum of S\ ^vio is zero, while the infimum of §|xo over its critical set is 
positive, and the w-limit in A4° of each point (q,T) £ A4° with 

S(q, T) < min S, 

crit Sl^o 

with respect to the negative (pseudo-)gradient flow of S is empty. Actually, if a 1— > (q(o~) , T (cr)) , 
a G]er~, cr + [, is the (maximal) orbit of such a point, then T(o~) converges to zero and q(o~) converges 
to some constant loop in W 1 ' 2 , for a f a + . These facts allow to consider the manifold M as the 
space of critical points at infinity of S. If we take also these virtual critical points into account, 
we get an enlarged Morse chain complex and differential complex, that we denote by 

M*(S,«), Af*(S,-s), 

such that 

HM k {S,s)^H k (AM), HM k (S,~s)=H k (AM), Vfc e Z. (9) 



7 



These constructions allow us to recover a situation which is similar to the one leading to Theorem 
[TJ We can define chain maps 

5 : M*(S,s) -> RF4W,Xe,a), T : RF*(W, Xg, a) -> M l -*{§,-s), 

which are, respectively, injective and surjective, with left and right inverses S and T. The definition 
of 5 is based on counting solutions of the following mixed problem: Given a critical point w of § 
and a critical point z of A, we consider the space of pairs 

u : [0, +oo[xT — > T*M, rj : [0, +oo[-> R, 

which solve the Rabinowitz-Floer equation |T]), converge to z for s — > +oo, and are such that 
(nou(0, •), 77(0)) is in the unstable manifold of w with respect to the negative pseudo-gradient flow 
of S. The definition of T is similar. The compactness of these spaces of maps and the existence 
of a left, respectively right, inverse for 2, respectively T, are based on the following inequality, 

A(x,r?) < §(71-02;, 77), Vx G AT* A/, V?/ > 0, (10) 

which is a straighforward consequence of Fenchel duality (see Lemma \12. II below). 

Again, the composition T o 5 is chain nomotopic to zero by a chain homotopy Q : M*(§, s) — > 
M~*(S, — s), which can be used to modify 3 within its chain homotopy class and to obtain the 
chain map 

fi := 3 - YQd - dTQ. 

Let RFf denote the chain complex obtained by considering only the critical points z of the 
Rabinowitz action functional A with action A(z) in the interval Jci Then we have the following 
result, which can be seen as a generalized version of Theorem [T] 

Theorem 2 The chain maps S and \& induce isomorphisms 

Ml°' +oo[ (§, s) = RFl°> +oo[ (W, X e ,a), RFl-°° fi[ {W : Xg,a) £* Mfc^S, -s), 

and, in particular, 

HRF ] k °' +oc[ (W, X e ,a) ~ H k (AM, M), HRF ] ~°° M {W, Xg,a) S H 1 ~ k (AM, M), Vfc G Z. 

The short sequence of chain complexes 

M*(S, s) % RF*{W, X g ,a)^ M 1_ *(S, -s) 

«s exact and has a canonical splitting. After identifying Morse (co)homology with singular (co)homology 
by the associated long exact sequence is 

► H k (AM) Q *-=5* HRF k (W, X e ,a) ^ H l ~ k {KM) ^ ff fc _i(AM) -> . . . 

where the connecting homomorphism A* can be non-zero only in degree zero, where 

A, : if (AM) -> ffo(AM) 

vanishes on the components of KM containing non-contractible loops, and is the multiplication by 
the Euler number x(T*M) on the component of AM consisting of contractible loops. 

See Section [12] for more precise statements. 

Estimates. We conclude this Introduction by discussing the question of the L°° estimates for 
the Rabinowitz-Floer equation (JTJ. The inequalities and (JSJ, or more generally (flU]) , play a 
fundamental role in our proofs. These inequalities require the Hamiltonian H to be the classical 
geodesic Hamiltonian (up to an additive constant), or more generally to be the Fenchel dual 
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of a Tonelli Lagrangian L 6 C°° (TM) . The critical points of the Rabinowitz action functional 
A are confined to the energy level iJ _1 (0), so Rabinowitz-Floer homology should not be very 
sensitive to the behavior of the Hamiltonian at infinity. Indeed, the uniform estimates for the 
second component of solutions (u, rf) of ([T|) (see Proposition 3.2 in [CFO09] , or Proposition 12.21 
below) use only the properties of H near its zero level. However, uniform estimates on u are 
based on the maximum principle. When the almost complex structures Jt are of contact type and 
the Hamiltonian H depends only on the second variable p outside a compact subset of the collar 
dW x [1, +oo[, say H = h(p), the real valued function p := pou satisfies the elliptic differential 
inequality 

Ap - VP h"(p)^f > ph'(p) f H(u) dt (11) 

outside a compact set. When the Hamiltonian H is eventually constant, that is constant outside 
a compact set, the right-hand side vanishes for p large and the maximum principle immediately 
produces uniform estimates on p, hence on u. However, the fact that H takes also negative values 
implies that in general the right-hand side of (jlip might not have a lower bound. For this reason, K. 
Ciclicbak and U. Frauenfelder's original definition of the Rabinowitz-Floer complex uses eventually 
constant Hamiltonians. By studying the differential inequality for logp, one can actually apply 
the maximum principle and obtain uniform estimates also when H is eventually linear in p (this 
fact is used in |CFO09j ). but here we need to consider Hamiltonians which are quadratic in p. As 
we show in Section [21 uniform estimates for u with such Hamiltonians - and actually for much 
more general ones - can be derived from the integral version of the maximum principle of A. D. 
Aleksandrov. We also need similar estimates in the case of domains with boundary, as the half- 
cylinders used in the constructions of the chain maps 'J, H, and T, or the finite cylinders used 
in the construction of the chain homotopies P and Q. The estimates in these cases come from 
a version of the Aleksandrov maximum principle for solutions of elliptic inequalities satisfying 
Neumann boundary conditions on part of the boundary, that we prove in the Appendix A. Since 
these L°° estimates may find other applications, we prove them at the beginning of the paper, in a 
more general setting than strictly needed here, for the completion of arbitrary Liouville domains. 
We also discuss in a similar generality the energy estimates for solutions of the equation (fT]) when 
the Hamiltonian H depends on s, an important issue when dealing with invariance properties of 
the Rabinowitz-Floer complex. 

Acknowledgment. We are grateful to Kai Cieliebak, Urs Frauenfelder, and Alexandru Oancea 
for sharing with us an early version of their paper [CFO09] . and to Alexandru Oancea also for the 
observations which conclude Section 9. The first author wishes to thank the Max-Planck-Institut 
fur Mathematik in den Naturwissenschaften of Leipzig for its kind hospitality, and the Alexander 
von Humboldt Stiftung for financial support. 

1 The setting 

Liouville domains. Let (W, A) be a 2n-dimensional Liouville domain. This means that W is 
a compact connected 2n-dimensional manifold with boundary dW, that A is a one-form on W 
(the Liouville form) such that u> := dX is non-degenerate (hence it is a symplectic form), and that 
the Liouville vector field Y defined by tyu — A is transverse to dW and points in the outward 
direction. The last condition is equivalent to the fact that a :— X\dw is a contact form on dW, 
whose associated (2n— l)-dimensional volume form a A (da) n ^ 1 induces the standard orientation 
of dW as the boundary of W (W is endowed with the orientation induced by the volume form 

LU n ). 

The Reeb vector field R is the nowhere vanishing vector field on dW defined by i^da = and 
a(R) = 1. 

Notice that the flow <fi[ of Y is defined for alH < and induces an embedding 

j : dWx]0, 1] — > W, {x, P )~J>l Ep {x), 
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such that j*X = pa and j*Y = pd/dp, where p denotes the coordinate on the second factor of 
dWx]0, 1]. The completion of W is the manifold 

W := WU dw (dW x [l,+oo[). 

The Liouville form A, the Liouville vector field Y, and the symplectic form u) extend naturally on 
the completion by setting 

d 

^lswx[i,+oo[ = P a i 5^lawx[i,+oo[ = P~q^> w lawx[i,+oo[ = d(pa), 

so that the identities u> = dX and tyw = A hold on the whole W. The open set cWx]0, +00 [, 
endowed with the restriction of uj, is the symplectization of dW . 

See |Sei08j for many examples of Liouville domains. In this paper we are mainly interested in 
the following particular subdomains of a cotangent bundle. 



Example 1: The cotangent disk bundle. Let (M,g) be a closed Riemannian manifold, and 
let g* be the dual Riemannian form on the vector bundle T*M. The cotangent bundle T*M 
carries the standard Liouville form A = pdq, which can be characterized as the unique 1-form on 
T*M such that for every 1-form 9 on M, seen as a section of T*M, there holds 9* X = 9. The 
restriction of A to the cotangent disk bundle 

D*M :={(q,p)€T*M \g*(p,p)<l} 

defines a Liouville domain, whose boundary is the cotangent sphere bundle 

S*M:={(q,p)eT*M\g*(p,p) = l}. 

The map 

S*Mx]0,+<x>[-^T*M, {(q,p),p)»(q,pp) 

extends to a diffcomorphism from the completion of D* M onto T*M, which identifies the Liouville 
form of the completion of D*M with the standard Liouville form of T*M . 



Example 2: Uniformly convex domains containing a Lagrangian graph. The above 
example has the following generalization. Let M be a closed manifold and let W be a compact 
subset of T*M, which has a smooth fiberwise uniformly convex boundary and contains a La- 
grangian graph. The uniform convexity assumption means that W can be represented as a closed 
sublevel of a smooth function on T*M whose fiberwise second differential is everywhere strictly 
positive. The assumption on the Lagrangian graph means that there exists a closed one-form 9 on 
M such that 

{(q,9(q))\qeM}clnt(W). 

If A is the standard Liouville form on T*M, the set W is a Liouville domain with respect to the 
one-form 

Xg := X — ir*9, 

where tt : T*M — > M denotes the projection. Indeed, the fact that 9 is closed implies that 
dXe = dX = uj. Moreover, in local cotangent coordinates qi, . . . , q n ,Pi, ■ ■ ■ ,Pn the Liouville vector 
field Yg associated to Xg takes the form 

n q n 

Ye (q, P) = (Pi - 9 3 ( q ^7T~> where 9{q) = ^ 9 3 (q)dq J , 
i=i Pj 3=1 

so the fact that for every q G M the set W <~}T*M is convex and its interior contains the covector 
9(q) implies that Yg is transverse to dW. It would have been sufficient to assume that for each 
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q G M the set W fl T*M is starshaped with respect to 6{q). However, uniform convexity allows 
us to use the dual Lagrangian formulation, see Section 1101 
The map 

0Wx]O,+oo[- T*M, ((q,p),p)^{q,6(q)+p(p-6(q))) 

extends to a smooth diffeomorphism from the completion W onto T*M, which identifies the 
Liouville form of the completion to the one-form X§ on T*M. 

The Rabinowitz action functional. A smooth real function H £ C°°(W) defines a Hamilto- 
nian vector field X = Xjj on W by the identity lxoj = —dH. The level sets of H are invariant 
with respect to the flow of X. We assume that is a regular value of H and we denote by E the 
hypersurface 

E = {weW\H(w) = o}, 

that we assume to be non-empty. In the next sections, E will be the boundary of W, but for now 
we do not make such an assumption. 

Let AW denote the space of smooth closed curves x : T — ► W, where T := M/Z. The Rabinowitz 
action functional (see |Rab78| ) is the following real valued function on AW x R: 

A(x,rj) = A H (x,r/) = x*(X)-ri H(x(t))dt. 

Jt Jt 

The point (x, rf) is a critical point of A if and only if 

x'(t) = r,X(x(t)), (1.1) 
H(x(t)) = 0, (1.2) 

for every t G T. When r) = 0, the above equations are equivalent to the fact that a; is a constant 
loop on E. When r\ ^ 0, the above equations are equivalent to the fact that the rescaled curve 

y : R -f W, y(s) := x{s/rj), 

is a (necessarily non-constant) closed orbit of X on E of (not necessarily minimal) period \rj\. 
Therefore, the critical set of A consists of a copy of E, on which A is identically zero, and for each 
non-constant closed Hamiltonian orbit y on E of minimal period T > and for each non-zero 
integer k, of the following copy of T, 

{(y(r + kT-),kT) | r e T} . 

Assume that the hypersurface E is compact and that the Liouville vector field Y is transverse 
to E, or equivalently that the one-form as obtained by restricting A to E is a contact form. If 
(x, rf) is a critical point of A, then 

A(x,rf)= / at* (A) = / \(x)[r)X(x)]dt = i] / u(Y(x),X(x))dt = rj / dH[x)[Y(x)]dt. 
Jt Jt Jt Jt 

Therefore, using the fact that Y is transverse to the compact hypersurface E = i? _1 (0), on which 
dH never vanishes, we deduce that there exists a positive number S such that 

\A(x,r])\>S\r)\, 

and we conclude that |A| is coercive on the critical set of A. 

If we also assume that the Hamiltonian vector field X restricts to the Reeb vector field i?s of 
(E, as), we get the identity 

A(x,j])= / \(x)[i]X(x)}dt = r) / ots(x)[Rs(x)]dt = ri, 
Jt Jt 

so the value of the Rabinowitz action functional on a critical point (x, rj) with 77 7^ is plus or minus 
the period of the corresponding Reeb orbit y — x{- /rf), depending on whether the orientation of x 
agrees with the orientation of y or not. 
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The negative gradient equation. Let J t , t £ T, be a loop of almost complex structures on 
W which are w-compatible, meaning that (•, -) t := to(Jf, ■) is a loop of Riemannian metrics on W. 
The corresponding norm is denoted as 

I CU := = VwO/tMCO. VC e T W W, Vw eW,Vte T. 

Here we are using a sign convention which is different from the one used in [CF09a and [CFO09J 
(and in most of the literature). The reason is that we prefer to see the negative gradient flow 
equation for A as a Cauchy-Riemann type equation, not the positive one. The loop of metrics 
(•, -) t induces the following L 2 metric on AW: 

Jt 

for every pair of section £, £ of x*(TW), for every x S AW. Then AW x R is endowed with the 
product metric by the standard metric of R, the corresponding norm is denoted by || • ||, and the 
gradient of A with respect to such a metric is 

VA(>,J7)= \ J t (x){z! -X H (x)),- J H(x(t))dtj . 

Therefore, the negative gradient equation for A, i.e. 

v'(s) = -VA(«(s)), (1.3) 

with v = (u, n) : R — > AW x R, is the following system of PDE's: 

f (s,t) + J t (u(s,t)) (s,t)-r)X(u(s,t))) =0, (1.4) 
% = f T H(u(s,t))dt, (1.5) 

where (s, () 6 1 x T. We shall refer to (11. 3p . or equivalently (II. 4111. 5|) . as to the Rabinowitz-Floer 
equation. 



2 L°° estimates 

K. Cieliebak and U. Frauenfelder's construction of Rabinowitz-Floer homology in [CF09a uses 
compactly supported Hamiltonian vector fields, or equivalently Hamiltonians H which are constant 
outside a compact set. In this case, the equation (|1 .4[) reduces to the equation for J t -holomorphic 
curves outside a compact set. If the almost complex structures Jt are of contact type outside 
a compact subset of W (see the definition below), the maximum principle implies that no such 
curve can have inner tangengies to the foliation {dW x {p}} p >o, for p large enough. Since one 
is interested only in solutions v — [u,rf) of (|1.4H1.5|) such that u(s, •) converges to some orbits 
in dW x {1} for s — > ±oo, the component u is bounded in L°°, and the compactness analysis 
in |CF09a| reduces to finding bounds for the second component of the solutions v = (u, n) of 

The class of admissible Hamiltonians was enlarged in (CFO09j . admitting also Hamiltonians 
H which are (non-decreasing) linear functions of p outside from a compact set. Since we wish 
to consider also geodesic Hamiltonians on cotangent bundles, we need to deal with Hamiltonians 
which are (non-decreasing) quadratic functions of p. Actually, we shall prove an L°° bound on 
u for a larger class of Hamiltonians, including, for instance, all Hamiltonians which, outside of a 
compact set, are non-decreasing convex functions of p growing at most polynomially. 

Estimates on n. We start by recalling some results from |CF0 9a] which do not require any 
growth assumption at infinity on H , and just depend on the fact that the Liouville vector field Y 
is transverse to the compact hypersurface S = iJ _1 (0). The following result is proved in |CF09aj . 
Proposition 3.2. 
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Lemma 2.1 Let H be a smooth Hamiltonian on W , and assume that eo > is such that the set 

V ca := {we W | \H(w)\ < e ] 

is compact, and 

\(X)-H>6 onV €Q , 

for some number 9 > 0. Then for every < e < e there exists 8 = 5(e) > such that if 
||VA(^,ry)|| < S then x(T) c V e , and 

\v\ < -q{\M x >V)\ + k \\VA(x, ?7)||), where K a = max \Y(w)\ t . 



More precisely, one can take S to be 

e 



where K\ := max|Vif(w) 



2max{l, K\V tGT 



If we assume that is a regular value of H, that S = i/ -1 (0) is compact, that the Liouvillc 
vector field Y is transverse to the hypersurface E with dZT[y] > 0, and that the infimum of H on 
the complement of some compact set is positive, then the assumptions of the above lemma hold, 
because of the identity 

X(X) -H = uj{Y, X)-Q = dH[Y] on S. 

In order to establish invariance properties of the Rabinowitz-Floer complex, one needs to 
consider smooth families {i? s } s gR of Hamiltonians on W, and correspondingly the system of 
PDE's: 



+ J t ( u )^- v X Hs (u))=0, (2.1) 
%=f T H s (u)dt. (2.2) 



For this reason, the next results are stated for s-dependent Hamiltonians. We shall assume that 
H s does not depend on s on ] — 00, 0] and on [1, +00 [, that is 

H s = H , Vs < H s = H u Vs > 1. (2.3) 

A first consequence of Lemma 12.11 is the following uniform estimate on n (a simple variant of 
Corollary 3.5 in [CF09aj . the difference being that here H need not be bounded from above): 

Proposition 2.2 Assume that {H s } s ^ is a smooth family of Hamiltonians on W which satisfies 
A2.3\) and such that: 



(a) There is a number /j, > such that H s (w) > — fx, for every s S K and w € W. 

(b) There is a number eo > such that the set 

V eo :={(s,w)€[0,l}xW\\H s (w)\<eo} 

is compact, and there is a positive number 9 > such that 

X(X Hs (w)) - H s (w) > 9, V(s,«;) S V eo . 

Then for every pair of numbers A, E there exists a constant c — c(A, E) such that if v — (u, n) is 
a solution of h2.W2.ty) with 

sup|Afl,(u(s))| < A, (2.4) 

+00 

\\VA H Ms))\\ 2 ds<E, (2.5) 



00 



then \f](s)\ < c for every s G 
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Proof. By the assumption (b), the hypotheses of Lemma HOI are uniformly fulfilled, so if 6q = 
S(eo) is the number provided by this lemma, there exists a number c'(A) such that \r)(s)\ < c'(A) 
when || VAff s (i;(s))|| < Sq. Let / be a maximal interval on which || VA# s (v(s))\\ > So. By (12. 5|) , 
/ =]a,b[ with b — a < E/S 2 . By maximality and continuity, || \7Ah, (v(s)) | = Sq for s = a and 
s = b, so 

|77(a)| < c'(A), \ v (b)\<c'(A). 

By (|2.2[) . and assumption (a), 

77' (s) = / H s (u(s,t))dt > -p. 
Jt 

If s £ /, then 

rj(s)= V (a)+J° V >(a)da> -c'(A) - (b - a)/*, (2.6) 
!,(«)= r,(b)-fir/(v)dtr< c'(A) + (&-a) M . (2.7) 
Therefore, the thesis holds with c(A, E) = c'(A) + fJ.E/5%. □ 



Remark 2.3 Let us consider solutions v — (u,rj) of f2.1W2.ty) on the half-line E + :— [0, +oo[. 
Then \2. 6\) shows that the conclusion of the above proposition remains true if we have an a priori 
lower bound on 77(0). Analogously, by \2. 7[ ), the statement for solutions on the half-line : = 
] — 00, 0] holds if we have an a priori upper bound on 77(0) . 

Estimates on u. In order to get uniform estimates on the first component of a solution (u, 77) 
of (|2.H2.2p . it is useful to assume that the loop of w-compatible almost complex structures Jt is 
of contact type outside a compact set, meaning that it satisfies the equation 

dpo.J t = \ on dW X [po)+oo[) (2.8) 

for every i € T, for some positive number po . Together with the ^-compatibility, this is equivalent 
to the fact that the symplectic splitting of T( x p ) (cWx]0, +00 [) into kera and M.R © MY is Jt- 
invariant, that the restriction of Jt to the first component is compatible to oj|kcra, and that 

J t R = Y, J t Y = -R. 

For every t G T, the vectors R and Y are (•, -)t-orthogonal at (x,p) G dWx]0, +oo[, and have 
norm ^J~p: 

g t (R,Y)=0, \R(x,p)\ 2 t =\Y(x,p)\ 2 t =p. (2.9) 

It is also useful to assume that the Hamiltonians H s are radial outside a compact set, meaning 
that 

H s (x, p) = h(s, p) on dW X [p ,+oo[, (2.10) 

where /i:lx [po, +oo[-^ R is a smooth function. With this choice, the Hamiltonian vector field 
Xh, has the form 

dh 

Xh.{x,p) = 7r (s,p)R(x), V(x,p)edWx[p ,+o O [. (2.11) 
op 

The following result is based on a standard computation (see |Sei08j . or Lemma 4.1 in CFO09]): 

Lemma 2.4 Assume that J t is of contact type on dW x [p , +oo[ and that the smooth family of 
Hamiltonians {i? s } s6 R satisfies h2.10\) . Let (u,r/) be a solution of V2.1W2.2]) . and consider the real 
function p(s,t) := pou(s,t), for every (s,t) in the open subset u~ 1 (dWx]po, +00Q o/RxT. Then 



Ap 



du 



ds 



2 d 2 hdp dh /* . . d 2 h 

t + ^w^ +p ^ P h Hs{u)dt+flp w (2 ' 12) 
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and 

for every (s, t) £ u~ 1 (dWx]po, +oo[). 
Proof. By gj) and (|2~TTj) . 



|Vp| 2 < p 



du 
ds 



(2.13) 



9p 
9s 



dp{u) 



du 



dp(u) 



'du 



Using also (j2.8p . we get 



du dh 



Similarly, 



Therefore, 



dp 
at 



= dp{u) 



dt 



JAu 



dp 

/du dh 
V ds dp 



dp{u) 



du 



dt 



-J t (u 



dh 



/du 



dh 



9u 
9 s 



(2.14) 



9p 9p 9/i 
d p := — ds - — dt = u (A) — ?7p— dt. 
9f as op 



By differentiating once more, using (12. 2[) . we find 

*^ f dh f TT , , 7 dhdp d 2 hd P d 2 h \ , 
dd p = u (u) - p— / H s (u)dt + r)— — +VP^TT^~ +W?T dsAdt. 
\ dp Jf dp ds dp z ds dsdp J 

Using (12. ip . (12. 11|1 . and the ^-compatibility of Jt, we can compute as 



(2.15) 



it*(w) = a; 



9i 



9s 



9u 9it 
9s' 9t 

■qdH s (u) 



• du _ . . 9u ,„ , , 
cis A (it = a; — , JAu)— + r]X H ds A dt 
ds ds 



du 



di 



ds A dt 



du 2 9ft, 9p 
9p ds 







ds A dt. 



Together with (|2 . 1 5|) and the fact that dd c p = —Apds A dt, we deduce the identity (|2. 12[) . 

By equations (|2.1[) . (|2.9p , and (|2.1ip , the (•, ^{-orthogonal projection of du/ds onto the line 
MR is 



1 /9u 



p \ at 



1 /dp d 



- — ,Y) je = _(_r_v) fl=__£y'ij=__£R 



p \dt dp 



1 9p. 



I9p 



p 2 9t 



p9t~ 



Since the (•, •) (-orthogonal projection of du/ds onto the line RV = Rd/dp is obviously 

9p 9 1 9p^ 
9s dp p ds 1 

we can estimate the norm du/ds from below by the norm of its projection onto the plane spanned 
by the vectors R and Y, obtaining 

m?^ivpi 2 , 



du 


2 

> 


% 


i 

+ 


l d ±y 


2 1 


dp 


|i*l?H 


l 

- — 


dp 


ds 


t 


p dt 


t 


p ds 


t ~P 2 


dt 




p 2 


ds 



which proves (|2.13p . 



□ 



Our first new observation is the following a priori estimate for the u-part of a solution (u, rj) 
of H2.1I2.21> : 
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Proposition 2.5 Assume that J t is of contact type on dW x [p , +00 [, that the smooth family of 
Hamiltonians {77 s } se K satisfies 



X(X H3 (w)) -H s (w) > 6, Vw EW such that H s (w) = 0, Vs e M, (2.16) 
for some 9 > 0, and 

H s (x,p) = h(s,p), V(x,p) £ dW X [p ,+oo[, VseK, 
where the smooth function h : R x [p , +00 [— ► M satisfies the conditions: 

(a) §(s,p)>0, 

(b) h(s,p) > p/k, 



(c) 



d 2 h, 



< up 1 



for every (s. p) S [po, +oo[x]R, for some constants k > 0, 7 > 0. Then for every pair of numbers 
A,E there exists a compact set K = K(A,E) C W such that for every solution v = {u,rj) of 

(KMKW such that 



sup|A Ha (v(s))| < A, 

+00 

2 



\VAh 3 (v{s))V ds < E, 



00 



u(s,t) belongs to K for every (s,t) elxT. 

Proof. Since W is compact, it is enough to find a uniform upper bound for the function 
p := p o u on the open subset u~ 1 (dWx]po, +oo[) of R x T. 

By (|2.3[) . (|2.16|) , and the coercivity guaranteed by the assumption (b), the assumptions of 
Proposition 12.21 are fulfilled (possibly with a smaller 9 > 0). Up to the choice of a larger po, we 
may assume that the compact set V ta appearing in that proposition is disjoint from [0, 1] x (dW x 
[p ,+oo[). 

By Lemma |2.1[ there is a number Sq = S(eo) > such that (s, u(s, t)) is in the compact set V €o , 
for every s such that || VA^ (w(s))|j < Sq and every t £ T. By our assumption on po, p(s,t) < po 
for every such s and every t G T. 

The length of any interval I C K. on which || VA^ s (w(s))|| > So is not larger than E/Sq. 
Therefore, every connected component £1 of u~ 1 (dWx]po, +oo[) is contained in 7 x T, for some 
interval 7 of length not exceeding E/5q. It is enough to find a uniform upper bound for p on il. 

By the identity (|2.12[) of Lemma 12^1 the function p satisfies the elliptic differential inequality 

Ap + 6^>/ onf!, 

OS 



where 



d 2 h 

b(s,t) := -r)(s)p(s,t)^(s, p(s,t)), f :=f% + / 2 , 



dh f d 2 h 

h(s,t) := p(s,t) — (s,p(s,t)) / H s (u(s,t))dT, f 2 (s,t) := r)(s)p(s,t)——-(s, p(s,t)). 
dp Jj dsdp 

Therefore, the Aleksandrov integral version of the weak maximum principle (see e.g. Theorem 9.1 
in |GT83j ) implies that 

supp< supp + C||/~|| L 2 (0 ) = po + C||/ _ || L 2 (n ), 
a on 
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where /~ denotes the negative part of the function / and C depends on the diameter of f2 and on 
the L 2 norm of the coefficient b on fi. Actually, Theorem 9.1 in ( » ' I >TT| is stated for domains in 
R™, but the case of domains in the cylinder R x T is easily deduced, by considering the conformal 
change of variables (s,t) i— > e 2,r ( s + 4 *) g C = M 2 . See the discussion at the beginning of the 
Appendix A. 

Since f2 is contained in / x T and the interval I has length at most E/Sq, the diameter of f2 is 
uniformly bounded, and it is enough to find a uniform bound for the L 2 norm of / _ and b on Q. 
By Proposition ^. 2\ equation (|2.2II . and the fact that H s > — p, we find 

2c(A,E) >7?(supl) -ri(m£I) = / r 1 '(s)ds = / / H a (u(s,t)) dtds 

J i J i Jt 

H s (u(s,t))dsdt + / h(s, p[s, t)) dsdt > -p\I x T| + / h(s, p(s,t)) dsdt 



(IxT)\Q 



> — /J-:, + / h(s, p(s,t)) dsdt. 



Therefore, the integral of h(s, p(s,t)) over f2 has a uniform upper bound, and by the assumption 
(b) we get a uniform bound for the L 1 norm of p on fl, 



for some number d = d(A, E). By the inequality (|2.13|) of Lemma |2~4 



|V P | 2 < p 



du 



ds 



n. 



We claim that (|2.17p . (|2.18p . and the energy estimate 

\\VA Hs (v(s))\\ 2 ds<E, 





du 


2 p-\-OQ 


j 


dsdt < 


/RxT 


ds 


t J -co 



(2.17) 



(2.18) 



(2.19) 



imply that for every p < +oo the L p norm of p on f2 is uniformly bounded. 

In order to prove this fact, we choose a cut-off function \ G C°°(R) such that 

X(<r) =(J Vct > po + 3, 

X(er) = po + 2 Vcr < po + 1, 

x(cr) > cr and < xV) < 1 Vcr g R. 



Then the function 



p(s,t) 



x(p(s,t)) if( fl) t)en, 

po + 2 if(8,t)€(JxT)\n, 



is smooth on the whole JxT, and its L p norm on/xT is uniformly bounded if and only if the 
IP norm of p on £1 is uniformly bounded. Moreover, by (|2.18p . the inequality 



\Vp\ 2 = X \p) 2 \Vp\ 2 <p 





du 


2 


du 


<p 


ds 


<P 

t 


ds 



(2.20) 



holds on Q. Since it trivially holds also on (I x T) \ f2, because Vp = there, we conclude that 
(|2~20|) holds on the whole JxT. Then, (|2~2"0]) . (f2TT^|) . and the Holder inequality imply that for 
every q 6 [1, +oo[, 



Vp||i2g/(, + l)( /xT ) < ||p||i9(J X T) 



du 



dt 



<E\\p\\lhi 



L 2 (JxT) 



(/XT)- 



Together with the continuity of the Sobolev embedding pF 1 - 2 <?/(?+i)(J X T) h x T), we 

deduce that ||/5||l 2 <i(/xT) has an upper bound in terms of ||/5||.L9(ixT) (here we are using the fact 
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that IxT is a regular domain and that the length of / is uniformly bounded). By (|2.17p . ||p||li(/xT) 
is uniformly bounded, so by bootstrap we conclude that ||/o||lp(/ x t) uniformly bounded for every 
p < +00. Hence, the same is true for ||p||i>(fi), as claimed. 
Since H s > — p and dh/dp > 0, it holds 



fi <npj-{s,p). 

Moreover, using again the bound on 77 proved in Proposition ^. 2\ 

d 2 h 



\f 2 \<c{A,E)p 



dsdp 



(2.21) 



(2.22) 



By (|2.21j) and ()2.22l) . we have the following upper bound on the negative part of /: 



in 2 < (/r + / 2 -) 2 < 2(/d 2 + 2|/ 2 | 2 < 2 M y 



dh 



dp 



d 2 h 



dsdp 



By the assumption (c), the latter quantity is bounded from above by n'p p , for k! and p large 
enough. Therefore, the fact that the L p norm of p on f2 has a uniform upper bound implies that 
the same is true for the L 2 norm of / _ on f2. Similarly, 



\b\ 2 <c(A,E) 2 p 2 



d 2 h 



dp 2 



so the assumption (c) guarantees that also the L 2 norm of b on f2 has a uniform upper bound. 
This concludes the proof. □ 

The assumption (b) requires h(s, p) to grow at least linearly in p. However, the conclusion of 
the above proposition holds also if we replace the assumptions (b) and (c) by the assumptions: 

(b') inf {h(s, p)\p> po, s £ 1} > 0, 

(C) |f | 2 < n(h+l), p 2 |0| 2 < K(h + 1), and \^- p \ 2 < n(h+l). 

In the s-independent case, the conditions (a), (b'), and (c') are fulfilled, for instance, by any 
h = h(p) which is a polynomial of degree at most two with positive leading coefficient. 

The proof is actually simpler, because one does not need to find bounds for the L p norm of p. 
One uses the function r := logp on f2, which by (|2.12p and (|2. 13|) satisfies the elliptic differential 
inequality 



1 



Ap- 



1 



|Vp| s 



du 



H s (u) dt + r/ 



d 2 h dp dh 
^ dp 2 ds dp J T 

d 2 hdr dh 
~ dp 2 ds dp J T 



d 2 h 



1 



dsdp p* 



H s (u) dt + r) 



|Vp| 2 

d 2 h 
dsdp 



(2.23) 



The upper bound on the integral of h(s,p) and the assumptions (a), (b'), (c ! ) immediately imply 
the L 2 bounds needed in order to apply the Aleksandrov maximum principle to the function r. 
This proves the following: 

Proposition 2.6 The same conclusion of Provosition W1K holds, if one replaces the assumptions 
(b) and (c) by the assumptions (b') and (c') above. 

Conditions (a), (b'), and (c') are satisfied by the natural homotopies which join a constant 
h(0, •) to a linear, or to a quadratic h(l, •). Notice, however, that in the latter case the action and 
energy estimates - which here are taken as hypotheses - may be delicate to achieve, see Lemma 
EH] below. 
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Estimates for solutions on half-lines. Our definition of the homomorphisms between the 
Morse chain complex and differential complex of the geodesic energy functional and the Rabinowitz- 
Floer chain complex is based on the study of spaces of solutions v = (u, rf) of the Rabinowitz-Floer 
equation (| 1 . 3[) on the half-lines R + = [0, +oo[ and Mr =] — oo,0], with suitable boundary condi- 
tions at s — 0. The required estimate on r\ was discussed in Remark 12.31 The aim of this section 
is to prove an L°° estimate on it in this situation. We need such an estimate only in the case of 
Hamiltonians which do not depend on s, but it does no harm to state it under the more general 
assumptions of Propositions 12.51 and 12.61 



Proposition 2.7 Assume that J t is of contact type on dW x [po, +oo[, and that the smooth family 
of Hamiltonians {H s } s >q satisfies the assumptions of Provosition [K5\ or of Proposition^^ Then 
for every triplet of positive numbers A, E, v , there exists a compact set K = K (A, E,v) G W such 
that for every solution v — (u, n) of i2.1V2.2jl on the half-line K + such that 

sup|AffX S ))| < A, (2.24) 

r+oo 

I \\Vk Hs {v{s))\\ 2 ds < E, (2.25) 
Jo 

a(^(0,t) - ri(Q)X Ho (u(0,t)f) < u, V* € T such that u(0, t) £ dW x [p , +oo[, (2.26) 

V (0) > -v, (2.27) 

u(s,t) belongs to K for every (s,t) elxT. 

The proof of the above proposition is based on the following version of the Aleksandrov weak 
maximum principle for boundary conditions of mixed Dirichlet-Neumann type: 

Theorem 2.8 Let fl be a bounded open subset of the half-cylinder ]0, +oo[xT and consider the 
following partition {S,S'} of dfl: 



dn\({0}xT), £':=<9Q\£. 



Then for every b € L' 2 (fl,M. 2 ) there exists a number C depending only on the diameter of CI and 
on \\b\\i,2rn) such that for every f £ Lj oc (f2) and every u £ C 2 (fl) n C (ft) which satisfies 



Au + b-Wu > f inn, 
du 



ds 

there holds 



on £', 



supw < supu + C\\f ||z,2(n), 
o s 

where f~ denotes the negative part of f . 

Here, C 1 (fi) denotes the space of functions in C 1 (fi) whose differential extends continuously 
to fi. Notice that if (s, t) S then s — and there exists e > such that the segment ]0, e[x{t} 
is contained in fl. In particular, any u £ C 1 (fi) has a well defined partial derivative du/ds at such 
a point (0,i). The above theorem is probably known, but since we could not find an appropriate 
reference, we prove it in the Appendix A. 

Proof, [of Proposition [277] By the lower bound (|2.27p on 77(0), we deduce that \rj\ is uniformly 
bounded, see Remark [2.31 Arguing as in the proof of Proposition 12. 5[ we find that, up to the 
choice of a larger po, each connected component fl of the set u~ 1 (dWx]p , +00 [) is contained in 
I x T, for some interval / C M + of length not exceeding the number E/8 2 . When the infimum 
of I is positive, one can proceed as in the proof of Proposition 12.51 and find a uniform bound for 
p = po u on CI, by the classical Aleksandrov maximum principle, or as in the proof of Proposition 
12.61 using the function r := log p. 
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Therefore, we just have to consider the case I = [0, S], for some < S < E/Sq. It is convenient 
to work with the function r := log p on f2, which by (|2.23|) satisfies the elliptic differential inequality 

dr 

Ar + b— >f on ft, (2.28) 
os 

where 

d 2 h 



d 2 h „ dh f TT , , , d 2 h 

b:= - iip w f:= d- P L Hs{u)dt+v dio- P 



dsdp 

The proof of Proposition 12.51 or 12.61 shows that b and f~ have uniformly bounded L 2 norm on fi. 
If we set 



£ := 8Q\ ({0} x T), £':=9fi\£, 

by definition of f2 we get that 

r = log po on E. 

By the equations (|2.14|) . (|2.1ip . and by the assumption (|2.26[) . for every (0,t) g £' we have the 
estimate 

5>*> = ^b) = " a - ^o(«(o,*))) > -v. 

Therefore, the function 

w(s, t) := r(s, + vs, 



satisfies 



and by |2~28)) . 



^(o,t)>o, V(o,i)eE', 



, 9w 

Aw + b— > f + vb. 
os 



By applying Theorem 12.81 to the function w, we obtain 

supw < supw + C||(/ + ^6) _ ||L 2 (ii) < logpo + ^5* + C||(/ + vb)~\\ L 2 {n) , 

where the number C depends on S and on ||6||L 2 (n)j an d both these quantities are uniformly 
bounded. Since 

{f+vb)-<r+v\b\, 

we conclude that w, and hence r, has a uniform upper bound on f2. □ 



Remark 2.9 The analogous statement for solutions on the half-line R requires the bounds i2.26}) 
and {2.21^ in the hypotheses to be replaced by 

a(^(0,t) - r?(0)Xff o (u(0,i))) > -u, Vt eT such that u(0,t) € dW X [p ,+oa[ 

T](0) < v. 

Remark 2.10 When W is the cotangent bundle of a Riemannian manifold (M,g) and the almost 
complex structures Jt are C° -close to the Levi-Civita almost complex structure induced by g (which 
is not of contact type), there is a way of proving L°° estimates for solutions of the Floer equation 
involving an asymptotically quadratic Hamiltonian (not necessarily depending only on p outside of 
a compact set) which does not use the maximum principle, see 'AS061. It is based on embedding 
(M, g) isometrically into an Euclidean space and combining the Calderon-Zygmund estimates for 
the Cauchy-Riemann operator with suitable interpolation inequalities. This method could be prob- 
ably used also for the Rabinowitz- Floer equation. We also recall that the L°° estimates for the 
Floer equation, in the case of a Hamiltonian depending only on p outside of a compact set, follow 
directly from the standard maximum principle, because the term with the integral does not appear 
in 1212}) . 
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Energy estimates. The L°° estimates of Propositions 12. 2[ 12.51 and 12.61 require a priori bounds 
on the energy and on the action. The energy identity for a solution on v = (u, rf) of the s-dependent 
Rabinowitz-Floer equation (|2.HI2.2|) is 

dsdt+ / W(s)\ 2 ds= \\v'(s)\\ 2 ds = \\Vk Hs {v(s))\\ 2 ds 



.2.29) 



[a,fc]xT 

= K Ha {v{a)) - K Hb {v{b)) - I r](s) I ^(u)dtds 

for every — oo < a < b < +oo. When the Hamiltonian H does not depend on s, the function 
Ah(v(s)) is decreasing and 

+oo 

||VA H (w(s))|| 2 ds = lim A H {v(s))- lim A H {v(s)), (2.30) 

so an upper bound of the action at +oo and a lower bound at — oo imply bounds both for the 
action at every s and for the energy. 

In the s-dependent case this need not be true any more. The usual arguments from symplectic 
homology based on choosing Hamiltonians with dH/ds > (see }FH94j and [CFH95] ) cannot 
be applied, because in (|2.29|) there is a term 77(5) in front of the s-derivative of H, and the sign 
of r\ might vary. In }CF09aj , K. Cieliebak and U. Frauenfelder have proved energy estimates for 
homotopies when the Hamiltonians are constant outside a compact subset of W (see the proof of 
Corollary 3.7 in [CF09aQ . 

Here we need to consider the case of coercive Hamiltonians. More precisely, we shall prove a 
technical lemma which provides energy estimates for certain homotopies of Hamiltonians in the 
class of all smooth functions H satisfying 

\{X H )-H + Q >9i\Y\ 2 t , (2.31) 

for some numbers 9o > and B\ > 0. Notice that the above condition, together with the request 
that H is bounded from below, implies that H has superlinear growth in the variable p: 

.. H(x,p) , . „ TT7 

lim = +00, uniformly m x S oW. 

p^+oo p 

This fact can be seen by rewriting (|2.31j) on cWx]0, +oo[ in an equivalent way, as the differential 
inequality 

^>-(H-e ) + e 1 . 

dp p 

Lemma 2.11 Assume that {i? s } s6 R is a smooth family of Hamiltonians on W which satisfies 
h2.3\) and the conditions: 

(a) There is a positive number p such that H s (w) > — p, for every sgi and w € W. 

(b) There is a positive number eo such that the set 

V eo :={( S ,w)e[0,l]xW\\H a (w)\<e } 

is compact, and 

\( (mW - HJm) > 

(c) There are numbers 9q > and 6\ > such that 

X(X Hs {w))-H s {w)+9 > 6^(10)11 
for every s £ R, t € T, and w S W . 



\(X H .W) - H sH > L V(s, to) € Ve,,. 
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(d) There are numbers 9 2 > and #3 > such that 

dH, 



it- 



■H 



< & 2 h s (w) + e s , 



for every s € M and w S H 7 . 
fej -Fbr every s £ K and iu € i/iere ZioZds 

9if, 



9s 



■H 



<e(\(X Hs (w))-H s (w)+0 o ), 



where 9q is the constant appearing in the assumption (c), and 

-1 



e < 1 + 20 o 



(2.32) 



where 80 = S(cq) is the number produced by Lemma \2.1\ and [i is the number appearing in 
the assumption (a). 

Then, for every number M there exists a constant a(M) such that for every solution v = [u,rf) of 
([0001 with 

(2.33) 



lim A Ho (v(s))<M, lim A Hl (v(s)) > -M, 

s — >-+oo 



s — ► — 00 



there holds 



+00 



\\VA H Ms))\\ 2 ds 



XT 



\A Hs (v(s))\ <a(M), VseR, 
— dsdt' 1 '-"^ |2 

OS t 



\r)'(s)\ 2 ds < a{M) + M. 



Proof. From the energy identity (|2.29|) and from the assumptions (|2.3I) and (|2.33|) , we deduce 
the estimate 



xT 



<9u 
<9s 



ds dt 



+30 



|7j'( S )| 2 d S 

< 2M- 



+ OO 



VA H< >(s))|| 2 ds 
dH s 



ds 



■(«) 



(2.34) 



(is (it. 



'[0,l]xT 

Moreover, the same assumptions imply the inequalities 

A Ko («(s))<M, Vs<0, A Hl (v(s)) > —M, Vs > 1. 
These inequalities and the identities 



AhM*)) = A Ho (v(0))- \\VA H M<r)Wdo-- / »j(<r) 



9a 



JO JT 

1 2 , r /• 5//,, 



= A Hl («(!))+/ ||VA H „(»( £ r))|rd £ r+ / r?(a) 



da 



(u) dt da 



(u) dt da, 



imply the action bound 

|Afl>(«))| <M+ f \ V (a) 

J[0,l]xT 



da 



(u) 



dcr dt, Vs € 



(2.35) 



The estimates (|2.34[) and (|2.35[) show that we must provide a uniform upper bound for the quantity 

dH s 



[0,1] xT 



Hs)\ 



ds 



■(«) 



ds dt. 
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We start by proving an upper bound for \rj\ in terms of the quantity above. By Lemma |2. II and 
(E31D, if s £ R is such that || VA ffs (v(s))\\ < 6 then 



< 2 \ M + 



\r,(s)\ <2(|A ff >( S ))|+K ||VA ff >( S ))||) 



1^)1 



9cr 



■(«) 



(2.36) 



'[0,l]xT 

If I C K is a maximal interval on which ||VA# s (?;(s))|| > Sq, then (|2.34[) implies that 

8H S 



|j|< -L ( 2M + / |r?( S )| 

°0 \ J[0,l]xT 



■(«) 



By the equation (|2.2p . we have the identities 



f]{s) = ^(inf /) + 



ds dt 



/ / H a (u) dt da — r)(sup I) — / / H a (u)dtda 

JinllJT Js JT 



(2.37) 



These identities, together with the assumption (a), (|2.36p . and (I2.37p . imply that for every s e I 
there holds 



\r](s)\ < max{|r?(mf/)|, |r?(sup + 



< 2 M + 



[0,l]xT 



9<r 



da dt + k q 5q I + ^ I 2Af 



[0,l]xT 



\v(*)\ 



dH n 



da 



(«) 



We conclude that rj is bounded and that 

sn V \ V { S )\<d+<2 + ^] [ \ V (a)\ 

where 



d = d[M) := 2M + 2k S + 



da 
2Mfi 



(u) 



da dt, 



(2.38) 



It is useful to introduce the function 

9(s,t) ■.= X(X Ha (u(s,t)))-H s (u(s,t)) + e a , 

which by the assumption (c) is non-negative. By the identity A = lyui and by (|2.ip , we have the 
chain of equalities 



-r](s)H s (u) = x(^-r)(s)X Hs (u)) + V (s)(\(X Hs (u)) - H s (u)) 



' du 



> (Y(u), ^ - ri(s)X Ha (u)) + ri(s)6(s, t) - 9 oV (s) 



= (Y(u), J t - i 1 {s)X Hs (u)) ) t + V (s)e(s, t) - dov(s) 

ds I 1 



Y(u),^) +r,(s)6(s,t)-6or)(s). 



Integration over T produces the identity 



Ah. («(«)) = - jf (y(u),^) dt + t?(s) Jj(s,t)dt-9 r)(s), 
from which we deduce the inequality 

\ V (s)\ fe(s,t)dt< \A Hm (v{s))\+ [\(Y(u),^) t \dt + e \ii( S )\. 
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The last integrand can be estimated as 

w 



8u\ 



ds 1 1 



$s 



for every S > 0. Together with (|2.35[> . the above two inequalities imply that for every s there holds 

\r}( s )\ I e{s,t)dt 

BH, 



< M - 



[0,1] XT 



H<j)\ 



da 



"(«) 



dadt+^J^\Y(u)\ 2 t dt+^ 





du 


f 

IT 


ds 



2 (2.39) 
<ft + o |»7(*)|. 



Let c be a positive number. By ()2.2p and the assumption (a), the function s i— > ?/(s) + /is is 
increasing, so the set 

I := {s e [0, 1] | c < r?(s) + ^s < c + ^} 
is a (possibly empty) interval. By the definition of /, 

c-fx <r)(s) < c + fi, VseJ, (2.40) 
W*)|>c, Vse/ C , (2.41) 

where I c denotes the complement of I in [0, 1]. By (|2.40[) , (|2.2p . and the assumption (d), 

'JxT 

By (|2.40|) , \r)\ < c + // on 7, so the above inequality implies the estimate 



29 2 n> 6> 2 (?7(supJ) -?7(inf7)) = 6» 2 / rf{s)ds = 9 2 I H s (u)dsdt> I 

Jl JlxT Jl> 



ds 



■(«) 



ds eft - 3 



h(s)| -^(u) dfldi<(c + A«)(2^2 + fls). 



(2.42) 



By integrating (|2.39|) on the set J c , whose measure does not exceed 1, we find 

BH S 



\ri(s)\9{s,t)dsdt <M+ / |r?(s)| 

-/ |y(u)|?* + 5/ , ' ) " :2 

zo J/ c xT z J[0,l]xT 



ds 



■(«) 



ds di 



ds 



(2.43) 



ds di + # SU P l 7 ?^)!- 



We estimate the last four terms separately, starting from the last one. By (|2.38[) . we have 



9 o sup|r,( S )|<M(M) + 0o(2 + -^) / \ V (s)\ 

"0/ J[0,l]xT 



BH S 



ds 



(«) 



ds di. 



By QHMD , we have 

£ 
2 



[0,l]xT 



Bu 2 , , . , , <5 
ds dt < 5M + - 
t 2 



t>s 



[0,1] XT 



1^7(3)1 



c>s 



(u) 



ds di. 



By the assumption (c), we have 

1/ \Y{u)\ 2 t dt<i^- I 9(s,t)dsdt<-±- [ \ v (s)\9(s,t)dsdt, 
where we have used also (|2.41j) . By (|2.42p and the assumption (e), 



(2.44) 



(2.45) 



(2.46) 



[0,l]xT 



\r)(s)\ 



dH s 



ds 



dsdt < (c + /i)(2/i6> 2 + 9 3 )+ I \r)(s)\ 

7 c xT 



BH S 



(«) 



ds dt 



< {c + fx){2fxe 2 + e 3 )+e 



ds 

\r](s)\9(s,t) dsdt. 



(2.47) 



7 c xT 
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By taking (|2"13|) . 1(2735]) . (|2~3S|) . and (|2~37|) into account, (|2"13j) implies the estimate 



1 - 



< M 



256 lC 



-el 



2+^ + f 



|77(s)j6»(s, *) dsdi 



I c xT 



By the assumption (|2.32|) on e, if we choose 6 > small enough and c > large enough, the 
constant in front of the integral is positive, so we have a uniform upper bound 



|?7(s)|0(M) dsdt < a'(M). 



By the assumption (e), also the integral of \r)\\dH s /ds(u)\ over J c xT has a uniform upper bound, 
and by using also (|2.42|) we deduce the uniform upper bound 



L 



[0,l]xT 



Hs)\ 



dH„ 



ds 



(u) 



dsdt < a"(M). 



Then (f2~34|) and ([2~35]) imply the desired estimates, with a(M) := M + a"{M). 
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3 The Rabinowitz-Floer complex 

The aim of this section is to recall the definition of the Rabinowitz-Floer complex from jCF09aj . 
The only differences are that the ambient manifold W is the completion of the Liouville domain 
W (and not an arbitrary exact convex symplectic manifold as in |CF09aj ) and that we use Hamil- 
tonians which are eventually quadratic, instead of eventually constant. The effect of this choice 
of a different class of Hamiltonians is discussed at the end of the section. 

The boundary homomorphism. Let us assume that the closed Reeb orbits of (dW, a) are 
of Morse-Bott type, meaning that for each T > the set ZPt C dW consisting of all T-periodic 
points of the Reeb flow is a closed submanifold, the rank of da\@> T is locally constant, and 

T X 9> T = kei(D(f>§(x) - I), Vx e &> T , 

where 4>t denotes the Reeb flow. Such a condition is generic, for instance in the sense that the set 
of functions a £ C°°(dW, ]0, +oo[) such that the closed Reeb orbits of (graph cr, A| grap h cr) are of 
Morse-Bott type is generic in C°°{dW 1 ]0, +oo[). Actually, the stronger property that all the closed 
orbits of the Reeb flow are non-degenerate is generic, see Appendix B in |CF09aj (we recall that a 
T-periodic point x £ dW is non- degenerate if the restriction of D(f>^{x) to the contact hyperplane 
kera(x) does not have the eigenvalue 1). Treating the Morse-Bott situation is not more difficult 
than treating the non-degenerate situation - in which the critical manifolds of A corresponding 
to the closed Reeb orbits are circles - so we deal with the former condition, which includes for 
instance geodesic flows on symmetric spaces. 

A Hamiltonian H £ C°°(W) is said to be compatible with the contact manifold (dW,a) if its 
set of zeros is dW, and if the restriction of Xh to dW coincides with the Reeb vector field R. It 
is said to be eventually quadratic if H(x, p) — h(p) for p large, with 

h(p) = ap 2 +bp + c, 

for some numbers a > 0, 6, c £ R. Let us fix an eventually quadratic Hamiltonian H compatible 
with (dW,a). We shall associate a chain complex to the corresponding Rabinowitz action func- 
tional A by using the analogue of Frauenfelder's Morse homology with cascades, see the Appendix 
of |Fra04j . 
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By the Morse-Bott assumption, the set crit A of critical points of A is a smooth manifold, and 
A is constant on each of its connected components, which are finite-dimensional (but in general 
different components have different dimension). Moreover, for each A > the set 

{z G crit A | | A(z) | < A} 

is compact, and the set of critical values of A is discrete. Furthermore, every solution v : R — > AWx 
K of the Rabinowitz-Floer equation (II. 3|) with finite energy (12.30|) converges to some v(— oo) 6 
crit A for s — > — oo and to some v(+oo) 6 crit A for s — > +oo. 

Wc fix a smooth Morse function a and a Riemannian metric <?a on crit A, such that the negative 
gradient flow </>^ Va of a is Morse-Smale. This means that for every pair of critical points z~ , z + 
of a, the unstable manifold W u (z~\ — Va) is transverse to the stable manifold W s (z + ; — Va). The 
Morse index of z £ crit a is denoted by ind (z; a), so 

ind (z;a) = dim ^"(z; -Va) = codim W s (z; -Va). 

If z _ , z + G crit a and m > 1 is an integer, a flow line from z~ to z + with m cascades is a m- 
tuple («!,..., u m ) of non- stationary solutions of the Rabinowitz-Floer equation (|I.3[) (stationary 
solutions are solutions which do not depend on s) such that 

»i(-oo) € W*(z~;-Va), v m (+oo) € W s (z + ; -Va), 

and for every j = 1 , . . . , m — 1 

Wj+l(-oo) G R 7 a (wj(+oo)). 

The set of flow lines from z~ to z + with m cascades is denoted by A^ m (z _ , z + ), and its quotient 
by the free action of K m given by s-translations on each Vj is denoted by M. m {z~ , z + ). 

The set of flow lines from z~ to z + with zero cascades, that we denote by A4q( z ~, z+ )i is the 
intersection W u (z~;— Va) n ^"(z+i — Va). When z~ 7^ z+, the quotient of Ai (z~ , z + ) by the 
free M-action is denoted by Mo(z~ , z+), while in the case z~ = z+ we define Mo(z~ , z + ) to be 
the empty set. Finally, 

M(z-,z+) := |J .M m (z-,z+), M(z-,z+) := |J X m (z-,z+). 

m>0 rn>0 

Since A is strictly decreasing on non-stationary solutions of the Rabinowitz-Floer equation (|1.3p . 
if z~ and z + belong to the same connected component of crit A then A4 m (z~ , z + ) = for every 
to > 1, while if M m (z~, z + ) ^ for some m > 1, then A(z _ ) > A(z+) and M (2",z + ) = 0- 

Assume that the almost complex structures Jt are of contact type outside of a compact set. 
By our assumption on H, Propositions 12.21 and 12.51 (or Proposition 12. 6| . together with the energy 
identity (12.301) . imply that the elements of tV1(z~,z + ) have a uniform L°° bound. Since the 
symplectic form u> is exact, a standard non-bubbling-off argument in Floer homology guarantees 
that M(z~,z + ) is compact up to breaking. 

For a generic choice of Jt and g&, the spaces M. (z~ , z + ) are smooth finite dimensional manifolds, 
and their components of dimension zero are compact. In particular, the zero-dimensional part of 
A4(z~ , z + ) is a finite set, and we define urf{z~ , z + ) G Z2 to be the parity of such a set. 

The Rabinowitz-Floer Z 2 -vector space RF = RF(W, A, a) is generated by all formal sums 

]Tz, (3.1) 

zez 

where Z is a subset of crit a such that 

supA(z) < +00. 

zez 
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Note that in general Z may be an infinite set, because A is not bounded from below. The 
homomorphism 

d = d(W, A, a, H, J, g A ) : RF(W, A, a) -> RF(W, A, a) 
is defined as the unique homomorphism such that 

dz~ = nnp(z^ 1 z + ) z + , Vz~ G crita. 

z+ Gcrit a 

A standard argument implies that d o d — 0, so {RF, d} has the structure of a differential Z2- 
vector space. It also carries an IR filtration given by the action level. More precisely, if / C K is 
an interval, d induces a boundary homomorphism on the subspace 

RF 1 = RF I (W,X, a) 

consisting of all formal sums (13. 1| where Z consists of critical points z of a such that A(z) E I. 
Moreover, there are natural chain maps 

RF 1 -> RF 1 ', 
whenever inf / < inf /' and sup / < sup /' . 

Grading. Here we follow the Z-grading convention of [CFO09] . which differs from the (Z+ 1/2)- 
grading convention of [CF09a by a factor 1/2. The Rabinowitz-Floer differential vector space has 
a Z-grading whenever the first Chern class c\ (TW) of the complex vector bundle (TW, J) vanishes, 
a condition which does not depend on the choice of the u-compatible almost complex structure J, 
but only on the Liouville domain (W, A). In such a case, the grading on RF is defined by 

fi{z) = fj,(x, f]) := n T cz {x) - t^ t O) + ind (z; a), (3.2) 

for every critical point z = (x, rj) of a such that rj =/= 0. Here fiQ Z (z) and v T (x) are the transverse 
Conley-Zehnder index and the transverse nullity of the 1-periodic orbit x of the Hamiltonian flow 
associated to the autonomous Hamiltonian r]H. We recall that the transverse nullity v T (x) of x is 
the dimension of the linear subspace 

kei(D(j>f vH (x(0)) -id) n kera(a;(0)), 

so v T (x) — if and only if x is non-degenerate; by the Morse-Bott assumption, the connected 
component K z of crit A which contains z = (x, rj) has dimension 

&\mK z = v T (x) + l. (3.3) 

The transverse Conley-Zehnder [i T (x) index is a half-integer, which can be defined as the Conley- 
Zehnder index (in the sense of Robbin and Salamon, RS93J) of the path in the symplectic group 

Sp(2n— 2) which is obtained by conjugating the restriction D<pf r,H (x(0)) to the invariant symplectic 
subbundle given by the contact distribution kera by a symplectic trivialization. The fact that 
ci(TW) = allows to fix a class of such trivializations for any homology class in Hi(W,'Z) for 
which the above index is well-defined, see [Sei08j or [CF09a for more details. Notice also that if 
y(t) = x{t/rj) is the Reeb closed orbit associated to x, then 

Hcz( x ) = (sgn??)/xcz(y), 

where Hcz(y) is the standard Conley-Zehnder index that one associates to closed Reeb orbits. If 
z = (x, r]) is a critical point of a with 77 = 0, then x is a constant loop in dW , and n(z) is defined 
as 

jji(z) = /j,(x, 0) := ind (z; a) — n + 1. (3-4) 
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Notice that for such critical points, fJ-(z) may take all the values in the interval 

— n + 1 < fx(z) < n. 

Moreover, if we agree that for a constant loop x we have Hcz( x ) := an d v T (x) :— 2n — 2, both 
the identities (|3.2p and (|3 . 3|) hold also for r] = 0. 
With such definitions, one can prove that 

dim M.(z~, z + ) = n(z~) — fi(z + ) — 1, 

see Proposition 4.1 in |CF09a] . Here and in what follows, we adopt the convention that any 
manifold which is declared to have negative dimension is actually empty. 

If RFk denotes the subgroup of RF obtained by considering formal sums as in (|3.ip where all 
the critical points z S 2, have index fi(z) = k, then the homomorphism d maps RFk into RFk-i. 
Therefore, RF* is a chain complex of Z 2 -vector spaces. 

Invariance. If one changes the loop of almost complex structures (of contact type outside of 
a compact set) or the Riemannian metric <?a on critA, one gets isomorphic Rabinowitz-Floer 
complexes. 

If one changes the Morse function a and the Hamiltonian H , on gets chain equivalent Rabinowitz- 
Floer complexes. This can be proved by the standard homotopy argument from Floer homology, 
by noticing that if H$ and H\ are eventually quadratic Hamiltonians compatible with (dW, a) and 
we define 

H s := (l-s)H + sH u 

then there exists a finite set of numbers = sq < Si < • • • < s& = 1 such that for every 
j € {1, . . . , k} the s-dependent Hamiltonian 

Hi(w) := (1 - x( S ))F Sj _» + X (s)H Si (w) 

satisfies the assumptions of Lemma [2. Ill Here x is a smooth cut-off function on R such that x = 
on MJ~ and x = 1 on [1, +oo[. In particular, the Rabinowitz-Floer homology 

HRF = HRF(W, A) := ^| 
Im a 

depends only on the Liouville domain (W, A). 

The same Lemma [2 . 1 1 1 allows also to deal with Hamiltonians whose zero-set varies with s. In 
particular, it allows to prove that if E C cWx]0, +oo[c W is the graph of a smooth function 
a : dW — *]0, +oo[ and the contact form as := A|s defines a Reeb vector field Rs with the Morse- 
Bott property, then the corresponding Rabinowitz-Floer homology, defined by using eventually 
quadratic Hamiltonians H which are compatible with does not depend on E. This fact 

allows to define the Rabinowitz-Floer homology of a Liouville domain (W, A) also when the Morse- 
Bott condition for R = Rgw does not hold. 

More generally, one can prove that if two Liouville domains (W, A) and (W, A') are Liouville 
isomorphic - meaning that there exists a diffeomorphism <f> : W —> W such that (f>*\' = X + df, for 
some compactly supported function / on W, see |Sei08j - then their Rabinowitz-Floer homologies 
are isomorphic. 

The above arguments prove the invariance within the class of Hamiltonians which are eventu- 
ally quadratic. Actually, the combined use of Lemma [2.111 and Propositions 12 . 51 or 12 .61 would allow 
to prove the invariance within many classes of Hamiltonian having a similar behavior at infinity. 
However, we do not know how to get the energy and action estimates for s-dependent Hamilto- 
nians which interpolate between an eventually constant H and an eventually quadratic Hi, or 
even an eventually linear Hi . This raises the question whether our Rabinowitz-Floer homology for 
eventually quadratic Hamiltonian coincides with the original one defined in [CF09al using even- 
tually constant Hamiltonians. Since the critical set of Ah does not depend on the Hamiltonian 
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H - as long as H is compatible with (dW, a) - and for every critical point z — (x, if) of Ah the 
loop x takes values into dW, the behavior of H outside of W should not matter that much, so 
one suspects that the answer is affirmative. 

When using field coefficients, as we are, one can actually prove this fact arguing as in the proof 
of Proposition 4.f3 of [CFO09] , by considering the truncated complexes RF^ a ' b ^ and by taking 
limits. Indeed, in this case the whole Rabinowitz-Floer homology is naturally isomorphic to the 
double direct-inverse limit of the truncated homologies 

HRF(W, A) = limlim HRF [A -' A+] (W, A), 

A + Xi 

for A- I — oo and A + | +00 (see |CF09b) . the direct and inverse limit must be taken in this 
order). So it is enough to prove that eventually quadratic and eventually constant Hamiltonians 
determine the same truncated Rabinowitz-Floer homology HRF^ a ' b \ This can be deduced from 
Proposition 12 . 61 in the following way. 

Let Hi be an eventually quadratic Hamiltonian compatible with (dW, a). Since we already have 
the invariance within the class of eventually quadratic Hamiltonians, we can choose a particular 
one, for instance a Hamiltonian Hi such that Hi < on W \ (dWx]0, 1]) and 

Hi( X ,p)=h 1 (p) with hi(p) = i(p 2 — I), \f(x,p) edWx}0,+oo[. 
Let x be a smooth cut-off function on K such that 

X(s) = s Vs < I, x(s) = 2 Vs > 3, < %' < 1, -1 < x" < 0, 
and choose a number k such that 

K > max((2s + I) V(s) 2 + (2s + I)x'(s) 2 ) , (3.5) 

for instance k = 7 3 + 7. In particular, k > 2, so the function hi satisfies the assumption (c') of 
Proposition 12 . 61 with the constant k, that is 

h'i( P f<K(hl(p) + l), A'/Go) 2 <K(hl(p) + l), Vp>0. 

Let < A + be real numbers. By Proposition ^. 6[ there is a compact set K = K(A^, A + ) C W 
with the following property: For every Hamiltonian H on W which coincides with Hq on the 
complement of dW x [2, +oo[ in W and such that H(x,p) = h(p) on cWx]0,+oo[ for some 
smooth function h which satisfies 

h'{pf <«(/i(p) + l), P 2 h"(p) 2 <K(h(p) + l), Vp>0, (3.6) 

the u part of every solution v = (it, r/) of the Rabinowitz-Floer equation associated to H such 
that Ah(v(M.)) C [A_,^4+] takes values in the compact set K. For e > 0, consider the eventually 
constant Hamiltonian 

H (w) := - X (eHi{w)), V W S W, 
e 

which satisfies 

H Q (x,p) = h Q (p) with h (p) = -^x{eh x {p)) = \ (|(p 2 - 1)) , 
for every (x,p) € dWx]0, +00 [. The Hamiltonian Hq coincides with Hi on the open set 



W U (dW x 0, ) 



and we choose < e < 1 to be so small that the compact set K is contained in the set above. 
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We claim that (|3.5p and the fact that e < 1 imply that ho satisfies (13.61) . Since ho — hi on 
]0, ((2 + e)/e) 1//2 ], it is enough to check (|3.6p . that is the inequalities 

pVGw-i))'<.(ix(^-D) + i), 
✓ - ») + 4I<" 2 - 'O) 2 s - (Ml - D) + 1) . 

for p > ((2 + e)/e) 1 ' 2 . By the change of variable s — e(p 2 — l)/2, this is equivalent to checking the 
inequalities 

(2s + e)x'(s) 2 <K( X (s) + e), (3.7) 
(2s + e)((2s + e) X "(s) + x'(s)) 2 < «(x(«) + e), (3.8) 

for every s > 1. The inequality (|3 - T[) follows immediately from 1)3. 5p . using the fact that x(s) > 1 
for s > 1. By expanding the square and using the inequalities e < 1, x' > 0, x" < 0, and (|3.5|) . 
we can estimate the left-hand side of (|3.8j) by 

(2s + e)((2s + e)x"(s) + x'OO) 2 < (2s + e)((2s + e) 2 X "(s) 2 + x'(*) 2 ) 
< (2s + l) 3 x"(s) 2 + (2s + l)x'(s) 2 < k < «(*(«) + c), 

for every s > 1, proving (|3.8|> . 

Therefore, for all the solutions v = (it, rf) of the Rabinowitz-Floer equation associated to either 
Hq or Hi, with Ah (v(M)) or, respectively, Ajj 1 («(R)) contained in [A_,Af], the image of u is 
contained in K. Since Hq and i?i coincide on an open neighborhood of K, we conclude that 
the boundary homomorphisms of the Rabinowitz-Floer complexes for Hi and for Hq restricted to 
[A-, A + ] coincide: 

g[A. ,A+] (W r X> ^ ^ ( j ^ = ,A + ] ( ^ A ^ ^ ^ j ^ 

In particular, the corresponding homologies coincide. Together with the fact, proved in |CF09aj . 
that the truncated Rabinowitz-Floer homology is independent on the choice of the Hamiltonian 
within the class of eventually constant ones, this concludes the proof. 

4 The Morse chain and differential complexes for the geodesic 
energy functional 

In the following six sections we restrict our attention to the case where the Liouville domain 
(W, A) is the cotangent disk bundle (D* M, A) associated to a closed Riemannian manifold (M, g) 
of dimension n > 2 (see Example 1 in Section [T]). The aim of this section is to recall the definition 
of the Morse chain complex and the Morse differential complex of the energy functional associated 
to closed geodesies on (M,g). 

The geodesic energy functional. The geodesic energy functional is the non-negative func- 
tional 

E(7)= / g(i{t) n '{t))dt 
Jt 

defined on the loop space AM of M. This functional is smooth and satisfies the Palais-Smale 
condition on the Hilbert manifold W 1,2 (T, M) of absolutely continuous loops 7 : T — > M whose 
derivative is square-integrable, endowed with its natural complete Riemannian structure, that is 

((&,&»:= [(g(Vtti,Vtb)+g(£i,b))dt, va,6eT g w^ 2 (T,M), Vqe W^ 2 (T,Af), (4.1) 
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where V* denotes the Levi-Civita covariant derivative along the curve q (see [Kli82 ). 

The critical points of E on W 1,2 (T, M) are the (possibly constant) closed geodesies of (M, g), 
parametrized on T with constant speed. The assumption that the closed Reeb orbits of (S*M, a) 
are of Morse-Bott type is equivalent to the fact that E is a Morse-Bott functional, meaning that 
critE is a closed submanifold, and for each 7 € critE the second differential d 2 ¥,(-f) of E at 7 is 
Fredholm and its kernel is the tangent space of critE at 7. We recall that a continuous bilinear 
form on a Hilbert space is said to be Fredholm if the bounded operator which represents it with 
respect to the Hilbert product is Fredholm, and that this notion does not depend on the choice of 
an equivalent Hilbert product. The Morse index of a closed geodesic 7 is the non- negative integer 
ind (7; E), that is the dimension of a maximal linear subspace of T 7 H /1,2 (T, M) on which d 2 E(7) 
is negative-definite. 

The symbol g\ denotes an arbitrary smooth Riemannian metric on TF 1,2 (T, M) which is glob- 
ally equivalent to the standard one (|4.ip . and once such a metric has been fixed, VE denotes 
the corresponding gradient vector field of E. By the Morse-Bott assumption, the manifold crit E 
is normally hyperbolic with respect to the negative gradient flow of E. In particular, if 7 is a 
non-constant closed geodesic then 

dimW(7;-VE) = ind(7;E), codim W s (r, -VE) = ind (7; E) + dimker d 2 E( 7 ). 

In the case of a constant geodesic, that is a point q in M, we have 

dim W u (q; - VE) = 0, codim W s (q; - VE) = dimM. 

Moreover, every unstable manifold has compact closure, so a regularization argument shows that, 
up to the modification of the Riemannian metric g\, we may assume that: 

(A) For every closed geodesic 7 £ critE, W u (^f\ — VE) is a submanifold of C°°(T, M). Moreover, 
for every E > there exists a constant C = C(E) such that if 7 S crit E has energy E(7) < E 
then 

sup <?(</(<), </(*)) < C\ Vqe 1^(7; -VE). 

tsET 

The Morse chain complex of E. The cascades approach from jFra04j and the results about 
the Morse complex on infinite dimensional manifolds from |AM06) can be combined and provide 
us with the following description of the Morse complex of the geodesic energy functional. 

By the Palais-Smale condition, by the completeness of (W 1,2 (T, M),g\), by the fact that E is 
bounded from below, and by the Morse-Bott assumption, for every q 6 W 1,2 (T, M) the limit 

r + Z E ( q ) ■= lim C VE (?) 

s — >->rOC 

exists and it is an element of critE. On the other hand, 

d>Zl K (q):= Um n rt) 

s^rr- (q) 

is either the empty set, or it is an element of critE (here ]<r_ (q), +00 [ denotes the maximal 
interval of existence of the orbit of q by the local flow of — VE, which is easily seen to be positively 
complete). The latter fact holds if and only if the function s 1— » E(4>J VE (q)) is bounded from 
above, and this holds if and only if q belongs to the unstable manifold of some closed geodesic 7; 
in this case, <X-(g) = —00 and </>I^, E (g) = 7. 

Let e be a smooth Morse function on crit E, and let </ .• be a Riemannian metric on crit E such 
that the negative gradient flow of e is Morse-Smale. 

If 7 _ , 7 + G crit e, then 

Wo(7~,7 + ) := W u (~/-; -Ve) n W s (-/ + ; -Ve), 
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and if m > 1 is an integer, W m {l , 7 + ) is the set of m-tuples (31, ... , q m ) of loops in W /1,2 (T, M) \ 
crit E such that 

CSV) G W"( 7 -;-Ve), ^(g™) € ^ s ( 7 +;-V e ), 
and for every j = 1 , . . . , m — 1 

When 7 _ 7^ 7+, the quotient of VVo(7~,7 + ) by the free action of R given by the flow of — Ve is 
denoted by Wo(7~,7 + ), while if 7~ = 7 +, Wo( 7 ~,7 + ) is defined to be the empty set. Similarly 
when m > 1 the quotient of W TO (7~,7 + ) by the free R m -action given by the flow of — VE is 
denoted by W m (7 _ , 7 + ). Finally 

W(7~,7 + ) := |J W m ( 7 ~,7 + ), W(7~,7 + ) := |J W™(7^,7 + )- 

m>0 m>0 

For a generic choice of g\ and g-^, VV(7 _ ,7 + ) is a smooth manifold of dimension 
dimW( 7 ",7 + ) = Ind ( 7 ";E,e) - Ind ( 7 + ;E,e) - 1, 

where we define 

Ind (7; E, e) := ind (7; E) + ind (7; e). (4.2) 

When Ind(7 + ;E, e) = Ind(7~;E, e) — 1, the discrete set W(7~,7 + ) is compact, hence finite, and 
we define 

^a/(7~,7 + ) = J2 A f(7 _ ,7 + ;-VE,-Ve) € Z 2 

to be its parity. We define Mj. = Mfc(E, e) to be the Z2-vector space generated by critical points 
7 of e with Ind (7; E, e) = k, and 

d = d(E,e,g A ,g m ):M k (E,e)^M k - 1 (E,e), dj~ = ^ n M (7~,7 + )7 + , 

7"*" £ crit e 
Ind (7+;E,e)=fc-l 

for every 7 _ e crit e with Ind ( 7 _ ; E, e) = k. Then d o 9 = 0, so {M* (E, e), 9} is a chain complex 
of Z2-vector spaces, called the Morse chain complex of the geodesic energy functional E. Its 
homology is isomorphic to the singular homology of the ambient manifold W 1,2 (T, M). Since the 
latter Hilbert manifold is homotopically equivalent to the loop space AM, we have 

HM k {E, e) = fffc(AM), Vfc G Z, 

and the space on the left-hand side is called the Morse homology of the geodesic energy functional 
E. 

The Morse differential complex of E. Let / be a smooth Morse function on critE, and let 
<7e be a Riemannian metric on critE such that the negative gradient flow of / is Morse-Smale. 
Starting from Section [71 it will be convenient to choose / = — e, where e is the auxiliary Morse 
function used to define the Morse complex of E. If k is an integer, we define M fc (E, /) to be the 
Z2-vector space consisting of formal sums 

Ex 

where T is a subset of crit / consisting of closed geodesies 7 such that 

Ind ( 7 ;E,/) = fc. 
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In other words, M fe (E, /) is the direct product of one copy of Z2 for each 7 S crit / with 
Ind (7; E, /) = k, whereas Mfc(E, e) is a direct sum. We define the homomorphism 

6 = 6(E,f,g A , m ) :M k (EJ)^M k+1 (E,f), Sj+ = £ n M (7~, 7 + ; -VE, -V/) 7", 

7 _ Gcrit/ 
Ind (7 _ ;E,/)=fc+l 

for every 7+ <G crit / with Ind(7+;E, /) = k. Then (5 o S = 0, so {M*(E, f),S} is a graded 
differential ^-vector space, called the Morse differential complex of the geodesic energy functional 
E. Its cohomology is isomorphic to the singular cohomology of the ambient manifold H /1,2 (T, M), 
so 

HM k (E, f) = H k (KM), Vfc € Z, 

and the space on the left-hand side is called the Morse cohomology of the geodesic energy functional 
E. 

Unstable manifolds with cascades. In the following sections, we shall define homomorphisms 
between the Morse chain and differential complexes of E and the Rabinowitz-Floer complex by 
considering spaces of half-flow lines with cascades both on the Morse and on the Rabinowitz-Floer 
side, with suitable coupling conditions. In order to simplify the notation, it is useful to introduce 
the following notion of unstable manifold with cascades on the Morse side. 

Let 7 be a critical point of e. If m > 1 is an integer, we define W^il) to be the set of m-tuples 
(qi, . . . , q m ) of loops in M /1,2 (T, M) such that 

qi G W u {W u (~f;-Ve);-\7E), 

and 

C^fe+i) G , Vj = 1, . . . , m - 1. 

We define W^il) to be the quotient of W^il) with respect to the R m_1 -action obtained by 
letting the negative gradient flow of E act independently on the first m — 1 loops qi, . . . , q m -\- 
The unstable manifold of 7 with cascades is the set 

W»( 7 ) = W"( 7 ;-VE,-Ve) = |J nC( 7 ). 

m> 1 

For generic #a and g%, W u (^) has the structure of a smooth manifold of dimension Ind (7), and 
there is a well-defined smooth evaluation map 

ev: W u ( 7 )^W 1,2 (T,Af), ev(q) := q m , if q = [(q u . . . , q m )}, 

whose image is pre-compact. Notice that ev is injective on W"(7) (it is actually an embedding 
there), but it needs not be injective on the other components, because distinct orbits of the negative 
gradient flow of E may have the same limit at +00. 

5 Comparison between the functionals A and E 

Relationship between the functionals' level. Let us fix once for all the following quadratic 
Hamiltonian on T*M = D*M: 

H(q,p) = ±(g*(p,p)-1), 

which is compatible with (S*M,a) and eventually quadratic (see Section [3]). Indeed, with such a 
choice, 

\(X H (q, P ))=g*(p,p), V(q,p)€T*M. (5.1) 
The Rabinowitz functional A is associated to this Hamiltonian. 
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We denote by tt : T*M — > M the projection, and by the same symbol its restriction to S*M. 
We denote by G : TM — > T*M the isomorphism induced by the metric g by the formula 

g(G- x p, v) = (p, v) = g*(p, Gv), Vp e T* q M, v e T g M, g G M, 

where (■, •) denotes the duality pairing. 

Lemma 5.1 Let x = (q,p) G AT*M and set E := E(g). TTierc 

ao, Ve) < Ve, a( x , -Ve) > -Ve. 



The first inequality is an equality if and only if V Ep = Gq' , and the second one is an equality 
if and only if \f~E~p = —Gq' . In particular, the first inequality is an equality when (x,\^E) is a 
critical point of A, and the second one is an equality when (x : —SE) is a critical point of A. 

Proof. Since G is an isometry from (TM,g) to (T* M, g*), we have 

E = E(q)= [ g{q',q')dt= [ g* (Gq' , Gq') dt. 
Jt Jt 

Then 

A(x,VE)= f(p,q')dt-VE f l(g*(p,p)-l)dt=- f l^g* '(p,p) - g* (p,Gq')) dt + 
Jt Jt z Jt \ z J 

By completing the square in the first integral, 



E 



^ - -4 1/ {> - ^ G '' - - ^ G ") dt + IS™' Gq,) * + ^ 



/ g* (p - ^=Gq',p- -$=gA dt + VE<V~E 7 
Jt \ VE \JE J 



and the equality holds if and only if 



This proves the statements about A(x, y E). The statements about A(x, —\E) are deduced from 
the latter ones by noticing that A((q,p), —VE) = —A((q, —p), V~E). □ 



The critical sets of E and A. Each critical point 7 of E with £(7) > 0, that is each non- 
constant closed geodesic, determines two critical points of A, one of which has positive Rabinowitz 
action, the other negative action. By Lemma 15. 11 these are the critical points 

Z+(j):=(x + ,VWjj), Z-( n ):=(x-,-JW)), (5-2) 
where x + ,x~ : T —> S*M are the reparametrized Reeb orbits 

x+(t) := (7M,5(7'W,7'Wr 1/2 G 7 'W), x~(t) :=x+(-t). 

The maps Z + and Z~ determine the diffeomorphism: 

{7 € critE I E( 7 ) > 0} x {-1,+1} -> {(x,rj) G critA | n ^ 0} , (7,±1) h-> Z ± {j). (5.3) 

It is useful to choose the auxiliary Morse functions a G C°° (crit A) and e G C°° (crit E) in such a 
way that: 

(AO) e( 7 ) = a{Z + {i)) = a{Z~{i)) for every 7 G critE such that E( 7 ) > 0. 
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The critical points corresponding to constant loops form instead two different manifolds: 

{7 G critE I E( 7 ) = 0} = M, {{x, 77) G crit A | r] = 0} = S*M x {0}. 

It is convenient to assume that the Morse function a on S* M x {0} is related to the Morse function 
e on M by the following conditions: 

(Al) ejjvf has a unique minimum point q m im & unique maximum point g max , and it is self-indexing, 
that is e(q) = ind (q; e) for every q G critejM- 

(A2) e(ir(x)) < a(x,0) < e(ir(x)) + 1/2 for every x G S*M. 

(A3) Every critical point of a|s*Afx{o} li es above a critical point of e, and for every critical point 
q of e the fiber ir~ 1 (q) x {0} contains exactly two critical points of a, that we denote by 
z q = ( x q >0) an d z q — ( x q )0); sucn that a(z~) = e(g) and a(z+) = e(g) + 1/2. 

(A4) For every q in crit e, we have ind (z~; a) — ind (q; e) and ind (z+; a) = ind (q; e) + n — 1. 

It is easy to construct pairs of Morse functions e, a which satisfy the above conditions. These 
conditions imply that the Morse complex of e\u and of a|s*ji/x{o} are related in a very simple 
and explicit way, as it is explained in the Appendix B. If 

£= E 

ggcrit e|M 

is a chain in M*(e|j\/), we denote by and the corresponding chains in RF*, that is 

qGcrite|M <jGcrite| M 

Then Proposition IB . 1 1 from Appendix B implies the following: 

Proposition 5.2 If the conditions (A1-A2-A3-A4) hold, then the boundary operator in the Rabinowitz- 
Floer complex RF(D* M, A, a) satisfies 

dz+ G z+ q + RFl-°°' l, Vq G crit e\ M , 

dz~ G + Vq G (crit e| M ) \ {w}, 

9z- iax G x(T*M)z+ mm + J2F]-°°'°[, 

where x(T*M) is the (modulo 2) Euler number of the vector bundle T* M — > M. 

It is useful to extend the maps Z + and Z~ defined in (|5.2p to the critical points of e on 
M = E _1 (0) by setting 

Z+(q):=z+, Z _ ( 9 ):=2-, VgG (crite)nE _1 (0). (5.4) 

With such a definition, crit a is the disjoint union of Z + (crite) and Z~(crite). Let us denote by 
RF~ the following subspace of RF: 

RF~ := \ E z I 2? C Z-(crite) I = RF ] -°°' 0[ ® Span {z~ | g G crite| E -i (0) } . (5.5) 
Lear J 

By Proposition [5T2l -R-F~ is a subcomplex of i?F if and only if %(T*M) = 0. 
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Relationship between the indices. Let us discuss the relationship between the transverse 
Conley-Zehnder index and the Morse index. Let 7 be a critical point of E with £(7) > 0, and 
consider the critical points Z + (j) — (x + , ^£(7)) and Z~{^j) = (x~ , —y/E(yj) of A as above. 
Then 

dimkcrd 2 E( 7 ) = v 1 (x+) + 1, ind( 7 ;E) = Hcz( x+ ) ~ \v T { x+ ), 

as it can be deduced for instance from Corollary 4.2 in [APS 08] (the full Conley-Zehnder index 
I^Gz(x + ) and nullity v{x + ) are considered there, but the above identities easily follow, because 
for autonomous systems v{x + ) = v T (x + ) + 1, and for Hamiltonians which are strictly convex in 
Pi Hcz{x + ) = /Iq Z (x + ) + 1/2). In particular, all critical points (x, 77) of A with positive action 
A(x, 77) have non-negative transverse Conley-Zehnder index. 

Since x~(t) = x + (— t), the properties of the Conley-Zehnder index imply that 

v T {x~) = v T (x + ), ficz{ x ~) = -Hcz( x+ )- 

It follows that 

dimkcrd 2 E(7) = U T (x~) + 1, ind( 7 ;E) = -fJtcz( x ~) - \ vT { x ~~)- 
We conclude that 

dimkerd 2 E( 7 ) = !/ T (x ± ) + 1, ind (7; E) = ±^ z (x ± ) — ^v r {x ± ). (5.6) 

In particular, all critical points (x, 77) of A negative action A(x,rj) have non-positive transverse 
Conley-Zehnder index. 

By the assumption (AO), the diffeomorphism (15. 3p induces the following bijection: 

{7 G crite I E( 7 ) > 0} x {-1,+1} {(x,rj) € crita | 77 ^ 0} , (7,±1) h-> Z ± (j), 

and 

ind( 7 ;e) = ind (Z+ (7) ; a) = ind [Z~ (7); a), V7 G (crite) n {E > 0}. 

Finally, by the definitions (|3.2|) and (|4. 2|) of the indices /x and Ind, the above identity and (|5.6p 
imply that for every critical point 7 of e with £(7) > there holds 

^+(7)) = H T cz {x+) - ^ T (x+) + ind (Z+h); a) = ind (7; E) + ind (7; e) = Ind (7; E, e), 

and, using also (|3.3p . 

li(Z-(rr)) = n T cz {x-) -\v T {x-)+ ind (Z-( 7 ); a) = -ind (7; E) - ^(x") + ind (7; e) 
= -ind (7; E) - dim K y + 1 + ind (7; e) = -ind (7; E) - ind (7; -e) + 1 = -Ind (7; E, -e) + 1, 

where K 1 denotes the connected component of crit E which contains 7. Hence, we have shown 
that 

M (Z+(7))=Ind(7;E,e), n{Z~{i)) = 1 - Ind( 7 ;E, -e). (5.7) 

On the other hand, by the assumptions (A3-A4) above and by the definitions (13. 4[) and (|4.2p . the 
indices of the critical points of zero action are related as follows: for every critical point q of e on 
E _1 (0), if Z + (q) and Z~(q) are the critical points of a on (crit A) n {A = 0} defined in (|5.4|) . there 
holds 

[i{Z + (q)) = ind {Z + (q)\ a) — n + 1 = ind (q; e), 

/i(Z~(q)) = ind (Z~(q); a) — n + 1 = ind (g; e) — n + 1 = 1 — ind [q\ — e), 

and hence 

KZ+(q)) = Ind(g; E, e) = n - Ind(g; E, -e), 
n{Z~{q)) = Ind(g;E,e) -n + 1 = 1 - Ind(g; E, — e). 
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By (|5.7p and (|5.8|) , the set {z S crita | /i(z) = fc} coincides with 



Z + ({j G crite | Ind(7;m. < 
Z + ({-f G crite | Ind(7 
Z + ({7 G crite | Ind(7 
Z~({^ G crite | Ind(7 



fc}) for fc > 2, 

e) = 1}1 U Z~ f{ 7 G crit e | Ind( 7 ; E, -e) = 0}) for fc = 1, , . 
e) = 0}) U Z-({ 7 G crite | Ind(7;E,-e) = 1}) for fc = 0, l ' > "' ) 



1 - fc}) for fc < -1. 



However, there is no reason why Z + and Z should induce chain maps between the Morse and 
the Rabinowiz-Floer complexes. 

Free homotopy classes of loops and splitting of the complexes. If c G [T, M] = [T, T*M] 
is a free homotopy class of loops in M, we denote by A C M and A C T*M the connected component of 
AM and AT*M consisting of loops in the free homotopy class c. The Morse chain and differential 
complexes of E split accordingly, as 

M fc (E,e)= A4 c (E,e), M fc (E,e)= J] M c fc (E,e), 
cepr.Af] ce[T,M] 

where M| and M c fe are formal sums of critical points 7 of e with [7] = c, and 

HM%(E, e) H k (A c M), H M c fc (E, e) S H k (A c M). 

Similarly, the Rabinowitz-Floer boundary operator restricts to a homomorphism 

: RF£(D*M, A, a) - RF^_ 1 (D*M, A, a), 

where the space RF C consists of formal sums of critical points (x, n) of a such that [x] = c G [T, M] . 
The above restrictions uniquely determine the whole Rabinowitz-Floer complex, and the inclusions 

RF£(D*M, A, a) c RF k (D*M, A, a) C JJ RF k (D*M, A, a) 

c£[T,M] cepT.M] 

are in general strict. Notice that the critical points (x,0) contribute to RF°, where denotes the 
class of contractible loops, and that if r\ 7^ the Reeb orbit y(t) := x{t/rj) associated to a critical 
point (x, rj) which contributes to RF C is in the free homotopy class (sgn^c G [T,T*M]. 

Relationship between the second differentials of E and A at critical points. The fol- 
lowing differential version of Lemma 15.11 is useful in order to deal with questions of automatic 
transversality: 



Lemma 5.3 Let 7 be a critical point of E with £(7) > and let Z + (j) — (x + , yE(7)) and 
Z~ (7) = (x~, — yTE^T)) &e i/ie corresponding critical points of A. Then for every £ + G T x + AT* M 
and £ _ G T x - AT* M there holds 



2v/e7^LA(Z + (7))K + ,£ + ] < d 2 E( 7 )[d7r( a; + )[e + ],^(x+)K+]], (5.10) 

2 Vem4a(z- (7) )[r,r] > -d 2 E( 7 )[^(^)[r],d7r(^)[r]], (5.11) 

where d xx A denotes the second differential of A = A(x, ?y) iirci/i respect to the first variable. 
Proof. Consider the functions A, £ : AT* M — >• M defined as 



.A(x) := A(x, v^^x)), £(x) := V^tto^). 

By Lemma l5.1[ .A(x) < £(x) for every x G AT*M, and A = £ at the common critical point x + . 
Therefore, 

dM(x + )[£+,£+] < d 2 £ (x+) [£+,£+], Vf + G T X +AT*M, 

which implies (|5.10j) by computing the second differentials of A and £ at x + . The proof of (15.11|) 
is based on the second inequality of Lemma 15. II and is analogous. □ 
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6 The chain map $ 

Half flow lines with cascades. It is useful to introduce the following notion of half flow lines 
with cascades for the Rabinowitz functional A. They are the analogue of the stable and unstable 
manifolds with cascades for the energy functional E, but in a case in which there is no well-defined 
flow. 

Let z be a critical point of a. If m > 1 is an integer, we define Ai^ n (z) to be the set of m-tuples 
(vi, . . . ,v m ) of maps 

vx, ■ ■ ■ , :RxT^ AT* M xl, v m : R~ X T — * AT*M x R, 

which are solutions of the Rabinowitz-Floer equation (| 1 . 3[) . and satisfy 

ui(-oo) G W u (z;-Va), v J+1 (-oo) G R 7 a (wj(+oo)), Vj = 1, . . . ,m - 1. 

Th quotient of •MJJj(z) by the action of R m_1 given independent s-translations on the first m—1 
components v\, ■ ■ ■ , v m -i is denoted by M^(z). The space of negative half flow lines with cascades 
for A is the set 

M u {z) := |J M u m {z). 

There is a well-defined evaluation map 

ev : M u (z) — > AT*M x R, ev(u) := u m (0), if « = [(«i, . . . , v m )}. 

Similarly, M. s m {z) is set of m-tuples {v\, .. . ,v m ) of maps 

Vi : R + xT-> AT*M x R, % ...,« m :RxT-> AT*M x R, 

which are solutions of the Rabinowitz-Floer equation (|1.3p . and satisfy 

Vj+i(-oc) E (f)^+ a (Vj(+oo)), Vj = l,...,m- 1, v m (+oo) e W s {z; -Va). 

Th quotient of A^f n (z) by the action of R m_1 given independent s-translations on the last to — 1 
components t?2, ■ ■ ■ ,t) ro is denoted by M^z). The space of positive half flow lines with cascades 
for A is the set 

M s (z) := |J MJUz). 

m>l 

There is a well-defined evaluation map 

ev : M s (z) — > AT*M x R, ev(V) := w x (0), if u = . . . , v m )]. 
It is also useful to denote the two components of the map ev as 

evi : M s/u (z) -> AT*M, ev 2 : 7W s/tl (z) R. 

Both M. u {z) and Al s (z) are infinite dimensional objects, but as we are going to show, one can get 
finite dimensional manifolds by imposing Lagrangian boundary conditions for the first component 
of ev(v). 

Definition of $. Let 7 be a critical point of e and let z be a critical point of a. We define 
M<s>("f, z) to be the set 

M 9 (i,z) := |(£,u) G W"(7;-VE,-Ve) x 7W s (z) | Troev^u) = ev(g), ev 2 (v) = ^(cv^j . 

In other words, A^$(7, z) is the set of pairs ([(gi, . . . , q m )), [(vi, ■ ■ ■ , Ufe)]) in W u (7; — VE, — Ve) x 
A4 s (z) coupled by the conditions 

(0,t), 77! (0) = VE( 9m ), (6.1) 
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where v±(s,t) = (ui(s,t),T]±(s)) for every (s,t) £ K + x T. For a fixed loop q £ AM, the condition 

7T o Ul(0, t) = q{t) 

is a i-dependent Lagrangian boundary condition for the solution u\ of the Cauchy-Ricmann type 
equation (|1.4p on the half cylinder M + x T. As such, it defines a Fredholm problem, and together 
with the fact that W u (<y) is a finite dimensional manifold, we deduce that the space .M$(7, z) is the 
set of solutions of a Fredholm problem. An index computation shows that the virtual dimension 
of A4$(7, z) (that is, the Fredholm index of the associated operator) is 

virdim -M$(7, z) = Ind(7; E, e) — n(z). (6.2) 

The above formula can be obtained by combining the results of Appendix C in |CF09aj with those 
of Section 3.1 in [AS06J. The energy bounds for the solutions (q,v) in A / t$(7,z) come from the 
following inequalities 

A(js) < Mvj(s)) <A(«i(Q)) < VE(9m) < VHlh) < y/Wry), (6.3) 



where the inequality in the middle is a consequence of Lemma f5.ll thanks to the coupling conditions 
(|6.ip . Then uniform L°° estimates for the solutions V2 , ■ ■ ■ , v m of (|1.3p follow from Propositions 
12.21 and either l2~5l or 12.61 Set as before v\ — {u\,r)i). Since 771 (0) is non-negative, Remark 12.31 
yields a uniform L°° estimate for 771. The uniform L°° estimate for u\ follows from Proposition 
12.71 provided that we check the assumption (|2.26j) . the other ones being clearly satisfied. By 
Assumption (A) of Section [H the loop q m has the uniform C 1 bound 

sup g(q' m (t),q' m (t)) <C 2 , 
teT 

where C = C(E(7)). Since ui(0, t) = (q m (t),p(t)) for some curve p(t), by (|5. If) and by the fact 
that 771(0) is non-negative we get the estimate 

A(^(M)-r7i(0)X^i(0,*))) ={p(t),qUt))-Vi(0)9*(p(t)Mt))<Cg*m,P(t)) 1/2 - 

Since on the complement of the zero section M C T* M the contact form a and the Liouville form 
A are related by the identity 

Kl,P)=9*(p,p) 1/2 a(q,p), (6-4) 
the above inequality implies that for every t £T such that ui(0,t) ^ M there holds 

«^(0,t)-r7i(0)A H K(0,t))^) <C, 

so the assumption (|2.26p of Proposition 12.71 is satisfied. We conclude that also Ui has a uniform 
L°° bound. 

The C]£ bounds for v\,...,Vk follow from the standard elliptic bootstrap, and from the fact 
that both bubbling off of either spheres or disks at the boundary of the half-cylinder R + x T (in 
the case of u±) cannot occur, because the symplectic form u> is exact and because its primitive A 
vanishes identically on the fibers of T*M. Together with the pre-compactness of ev(W"(7)), we 
conclude that the spaces Al$(7, z) are compact up to breaking. 

The only obstruction to obtain transversality, by a generic choice of , g%, J t , and g^, is given 
by the stationary solutions in A4$(7, z), which are of two different kinds. If 7 is a critical point of 
e with £(7) > and z — Z + (-j) is the corresponding critical point of a with positive Rabinowitz 
action, then the space A / f$(7, z) contains the stationary solution (7,2). Actually, the estimates 
(|6.3[) imply that in this case A4$(7, z) does not contain solutions other than the stationary one. 
Since in this case the virtual dimension of A^$(7, z) is zero, we would like the linearized operator 
at (7, z) to be an isomorphism. Since the linearized operator is Fredholm of index zero, this is 
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equivalent to checking that the linearized problem has no non-zero solutions. This fact is proved 
in Lemma 16.21 below. 

The other stationary solutions arise when 7 = q is a critical point of e in the zero energy set 
E _1 (0) = M, and z is one of the two corresponding critical points z+ = Z + (q) or z~ = Z~(q) of 
a on the critical set (crit A) n A _1 (0) = S*M. By formulas fO]) and fO|) . 

virdim A4$(o/, 2d") = Ind(g;E, e) — ^(2+) = 
virdim Z~) = Ind(g; E, e) — j"(z~) = n— 1. 

We shall prove that in both cases the linearized operator is onto. In the first case, this fact amounts 
to showing that the linearized problem has no non-zero solutions, while in the second case that 
the space of solutions of the linearized problem has dimension n — 1. Both facts are proved in 
Lemma 16.31 below (the second fact requires the inner product gA at z~ to be generic). 

Postponing until the end of the section the proof of these automatic transversality results, we 
can define the chain map <E>. We choose generic data g^, gm, Jt, and g&, so that for every 7 G crit e 
and every z G crit a, M$(j, z) is a manifold of dimension Ind(7; E, e) — (J,(z). By compactness and 
transversality we deduce that, when fj,(z) = Ind(7;E, e), .M$(7, z) is a finite set, and we denote 
by ?i$ (7, z) G Z 2 its parity. Then we define 

$:M k (E,e)^RF k {D*M,X,a), $7:= ^ n$(j,z)z, 

zGcrit a 
fj,(z) — k 

for every 7 G crite such that Ind(7;E, e) — k. A standard gluing argument shows that $ is a 
chain map. 

Properties of $. If A4$(7, (x, f])) is non-empty, then the loop 7 is freely nomotopic to the 
loop it ox. Therefore, $ preserves the splitting of the Morse and the Rabinowitz-Floer complexes 
indexed by the free homotopy classes of loops in M, 

$ : Af, c (E, e) -> RF?(D*M, X, a), Vc G [T, M]. (6.5) 

The inequality (16. 3|) implies that <E> preserves the M-filtrations given by the levels of E and A. More 
precisely, for every E > 0, 

$ : Mi ' B1 (E,e) -> RF\~°°^\d* M , A, a). 
The following proposition lists the other main properties of the chain map $. 
Proposition 6.1 (a) If"/ is any critical point of e, there holds 

$7 = Z + (7)+ n^(j,w)w, 

where -< denotes the following partial order on the set crit a: z -< w if A(z) < A(iyj), or 
A(z) = A(w) and a(z) < a(w). 

(b) If q is a critical point of e on E _1 (0), then 

$<? G z+ + RF ] -°°> 0[ . 

The restriction 

$ : Mi 0} (E,e) = M m (e\ M ) -» RFj 0} (D*M, X, a) S M, + „_ 1 (a| s . M ) 

to i/ie complexes corresponding to the zero energy and action level induces the transfer ho- 
momorphism n\ in homology: 

= TTi : iJMj 0} (E,e) = ff*(M) -> HRF^ (D* M, A, a) = i?* +n _ 1 (5*M). 
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(c) The chain map $ is infective and it admits a left inverse $ : RF* — > M* , which is charac- 
terized by 

kerl> = RF~, 

the subspace defined in h5.5)) . 

(d) For every k > 2, $ : Mk — > RF^ is an isomorphism. 

Proof. Statement (a) follows from the inequality (|6.3p and from Lemmas 16.21 and 16.31 below. 
The proof of (b) uses also the results of the Appendix B, and in particular statement (b) of 
Proposition lB.il We define 4> : RF* — > M* recursively by 

$C:=0 ifCeiZF", 
$Z + (7):=7— n$(7, io)$m>. 

It is immediate to check that $$ = Idjvf, . By definition, C ker<J>. Any non-zero C G RF has 

the form 

where C crit a contains elements which are maximal with respect to the order -<. By the 
definition of <3E>, if any of such maximal element is in Z + (crit e) then ^ 0, so ker $ C RF~ . We 
conclude that ker$ = RF~, which proves (c). By the first identity in (|5.9|) . RFjT = (0) for every 
k > 2, and statement (d) follows. □ 

In general, the left inverse $ is not a chain map. In fact, a left inverse of a chain map is a 
chain map if and only if its kernel is a subcomplex, and in the case of $ this happens if and only 
if x(T*M) = 0. 

Automatic transversality. We conclude this section by proving the above mentioned auto- 
matic transversality results for stationary solutions in _M<j>(7, z). 

Lemma 6.2 Let 7 be a critical point of e with £(7) > 0, and let z = Z + (~/) be the corresponding 
critical point of a with positive Rabinowitz action. Then the linearization of problem .M#(7, z) at 
the stationary solution (7, z) has no non-zero solutions. 



Proof. Let x : T -> S*M be the loop defined by z = (x, y/Wn))- Since z G M{(z) = M\{z), 
the solutions of the linearization of problem M s (z) at z are maps £ = (£,77), with 

i : R+ x T -> TT*M, f (s, t) G T x(t) T*M, rj : K+ -> R, 

which solve the linearized Rabinowitz-Floer equation 

^( S ) = -V 2 A(z)C( S ), (6.6) 
ds 

and the asymptotic condition 

lira Q(s) eT z W s {z;-Va). (6.7) 

s — >+oo 

Here, V 2 A(z) is the Hessian of A at z, with respect to the i 2 -inner product. It is a self-adjoint 
operator with compact resolvent, and kernel isomorphic to the tangent space at z of crit A. Since 
7 G Wi(j) = VV"(7), the linearization of the first of the coupling conditions (16. ip is 

fl:=d7r(s)[f(0,0] G T 7 VK"(iy"(7;-Ve);-VE). (6.8) 

Finally, since 7 is a critical point of E, the linearization of the second of the coupling conditions 
(j6~T]) is just 

Ty(0) = 0. (6.9) 
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We must show that every solution £ = (£, rf) of (j6.6H6.7ll6T51l6.9p is identically zero. 

By (|6.6p and (|6.7p . £(0) belongs to the linear subspace corresponding to the non-negative part 
of the spectrum in the spectral decomposition of V 2 A(z). However, by condition (|6.9|) and by 
inequality (|5.10p of Lemma 15.31 

d 2 A(z)[C(0),C(0)] =dLA(z)[£(0U(0)] < — l=d 2 E( 7 )[M, 

2- N /E(7) 

and the latter quantity is non-positive by condition (|6.8D . Therefore, £(0) belongs to the kernel of 
V 2 A(z) and hence ((s) = £(0) is a constant vector in T z W s (z; — Va). In particular, since z is a 
non-degenerate critical point of a, 

d 2 a(z)[C(0),C(0)]>5||C(0)|| 2 , (6.10) 

for some 6 > 0. By the bijection between the kernels of d 2 A(z) and d 2 E(7), 6> belongs to the 
tangent space of critE at 7, and by (|6.8|) it actually belongs to the tangent space of W M (j; — Ve) 
at 7. In particular, 

d 2 e(7)[M] < -<n|0|| 2 , (6.11) 

for some S' > 0. On the other hand, the restrictions of a and e to the connected components of 
crit A and crit E which contain z and 7 are related by the formula 

a (y, V E (l)) = e ( 7ro 2/)- 
If we differentiate this identity twice at x, we find 

d 2 a(z)[C(0),C(0)] =d 2 e(7)[M], 
so (|57TU|> and |6~TT|) imply that ((0) = and hence £(s) = 0. □ 



Lemma 6.3 Let q be a critical point of e on the zero energy set E -1 (0) = M, and let z+ = 
(x+,0), z~ — (a:~,0) £ <S*Mx{0} be the critical points of a in 7r _1 (q)x{0}. Then the linearization 
of problem M,$(q,z£) at the stationary solution (q,z^) has no non-zero solutions. If the inner 
product <7a o,t z~ is generic, then the space of solutions of the linearization of problem M$(q, z~) 
at the stationary solution (q,z~) has dimension n — 1. 

Proof. Let z = (x,0) be one of z+ = (x+,0) or z~ = (x~,Q) Arguing as in the proof of 
Lemma 16.21 we must show that the space of solutions £ = (£, rf), where 

(:l+xT^ T X T*M, 77 : R + — > R, 



of the linear problem 

-(«) 
lira C(s) 

s — >+oo 

e~dw(x)[t(o,-)] 

'7(0) 



= -V 2 A(z)C(s), (6.12) 

€ TW(z;-Va), (6.13) 

G r,r'(g;-Ve), (6.14) 

= 0, (6.15) 



has either dimension zero in the case of 2CT, or n — 1 in the case of 2~. Conditions (|6.12[) and 
(|6.13[) are equivalent to the fact that ((0) belongs to the linear subspace corresponding to the 
non-negative part of the spectrum in the spectral decomposition of V 2 A(z). By (|6.15j) and by an 
explicit computation of the second differential of A at (x, 0), we find 

rf 2 A(a:,0)[C(0),C(0)] = J «(e(0,t), |f(0,i)) dt = -J ^A(£(t))di = 0, 



42 



where we have used the fact that £(0, ■) is a loop in T X T*M such that d7r(a;)[£(0, t)] does not 
depend on t, by (|6.14[) . Therefore, C(0) belongs to the kernel of V 2 A(z). Taking also (16 . 1 3f> into 
account, we deduce that ((s) = £(0) is of the form £(s) = (£,0), where £ £ T X S*M does not 
depend on t, and (£, 0) £ T z W s (z; — Va). We conclude that the space of solutions of the linearized 
problem is isomorphic to the linear space 

{(e,0)eT z r(z;-Va) I dn(xm e T q W u (q; -Ve)} , (6.16) 

so we must show that the dimension of this space is zero in the case of z+, and n — 1 in the case 
of z~ . By the assumptions (A2-A3), a(x, 0) < e(n(x)) + 1/2 for every x € S*M, and the equality 
holds when x = x+. Since (x q , 0) is a critical point of a, and 7r(cc+) = q is a critical point of e, we 
deduce the inequality 

d 2 a(z+)[(£,0),(£,0)] < d 2 e(q)[d7r(x+m,dn(x+m], V£ € T x +S*M. 

The above inequality implies that when z = z+ the space (|6.16j) is zero. By condition (A4), 

dimc?7r(^)" 1 r 9 W r "(g;-Ve) = ind (q; e) + n - 1, codimT z -iy s (z~; -Va) = ind(g;e), 

so if the inner product g& at z~ is generic, the above pair of subspaces is transverse, and hence 
the space (|6.16[) for z — z~ has dimension n — 1. □ 



7 The chain map \I/ 

Definition of ^. Let z be a critical point of a and let 7 be a critical point of e. We define 
M.is{z, 7) to be the set 

M*(2,7) := {fc?) eM"(z) x W u ( 7 ;-VE,Ve) | n o evi(v) = ev(g)(— ), ev 2 (u) = -^E(ev(g))}. 

Equivalently, A^*(z, 7) is the set of pairs ([(«i, ■ • ■ , Ufc)], [(gi, ■ ■ • , g m )]) in M u (z)xW u ('j; — VE, Ve) 
coupled by the conditions 

gm(*)=7rou fc (0,-t), T]k(0) = - VE(«m), (7-1) 

where Vk(s,t) = {uk(s,t),rjk(s)) for every (s, t) € M~ x T. Notice that, as it was anticipated in 
Section[H we are using the Morse function — e on critE. Again, the facts that W u (j; — VE, Ve) 
is finite dimensional and that the first of the coupling conditions in (|7.ip is a (parametric and 
^-dependent) Lagrangian boundary condition, imply that elements oi A4^(z,j) are solutions of a 
Fredholm problem, and an index computation (see again Appendix C in CF09a] and Section 3.1 
in |AS06p gives 

virdim My(z, 7) = n(z) + Ind(j; E, -e) - 1. (7.2) 

By the second inequality of Lemma l5.1l the elements (v, q) oiM.^(z, 7) satisfy the following action 
bounds 

A(z) > A(v {s)) > A(«*(0)) > -^E{q m ) > -V^M > -VWi), (7-3) 

which provide us with uniform energy bounds. As before, uniform L°° estimates for the solutions 
vi, . . . , Vk-i of (|1.3[) on the whole cylinder follow from Proposition 12 . 21 and 12.61 and there remains 
to treat the case of the solution Vk = (ufe, r/k) on the half-cylinder R~ x T. By the second coupling 
condition in (|7.ip . ?7fc(0) < 0, so the uniform L°° estimate for rjk follows fom Remark 12.31 The 
uniform L°° estimate for uu follows from Proposition ^. 71 and Rcmark l2.9( provided that we prove 
a uniform lower bound for the quantity 

«feM]-in(0Wtn(0,i))) ■ 



43 



Taking into account the identity (|6 .4|) . such a lower bound follows from the estimate 

A ^(0,t)- % (0)X ff (u fc (0,t))) = (p(t),- q ' m (-t))-Vk(0)g*(p(t),p(t)) > -Cg*(p(t),p(t))^, 

where itfc(0, t) — (q m (—t),p(t)) and f]k(0) < 0, by (|7.1[) . and C > is such that 

sup g(q'(t),q'(t)) <C\ 

for every q which belongs to the unstable manifold of some critical point 70 of E with energy 
E(7o) < E(7) (see Assumption (A) of Section 0J. Then, the standard bubbling off and bootstrap 
argument implies that the spaces A4^(z,j) are compact up to breaking. 

As in the case of A4$, A4^(z,"f) may contain stationary solutions. Indeed, if 7 is a critical 
point of e with positive energy, and z = Z~(j) is the corresponding critical point of a with negative 
Rabinowitz action, then the space A4<s/(z,y) consists of the stationary solution (-2,7), because of 
(|7.3|) . In this case, fi(z) = 1 — Ind(7; E, — e), by (|5.7j) . so the virtual dimension of Aiy(z, 7) is zero. 
The following lemma, whose proof uses the estimate (|5.1ip of Lemma [5731 and is analogous to the 
proof of Lemma 16.21 implies that automatic transversality holds at such stationary solutions: 

Lemma 7.1 Let 7 be a critical point of e with £(7) > 0, and let z = Z~(j) be the corresponding 
critical point of a with negative Rabinowitz action. Then the linearization of problem A4^(z,j) at 
the stationary solution {z, 7) has no non-zero solutions. 

The other stationary solutions correspond to constant geodesies. Indeed, if q is a critical point 
of e on the zero energy set E _1 (0) = M, and z+ = Z + (q), z~ = Z~(q) are the corresponding 
critical points of a on the critical set (critA) n A _1 (0) = S*M, then (z+,q) and (z~,q) are 
stationary solutions in Aiy(z+ , q) and A4y(z~, q), respectively. By formulas (|5.8[) and (|7.2p . the 
virtual dimension of these spaces are 

virdim M^(z^, q) = + Ind(g; E, — e) — 1 = n—1 

virdim Aiin(z~, q) = n(z~) + Ind(q; E, — e) — 1 = 0. 

So automatic transversality at (zj,q) and (z~,q) follows from the lemma below, whose proof is 
analogous to the proof of Lemma 16.31 

Lemma 7.2 Let q be a critical point of e on the zero energy set E -1 (0) = M, and let z+ = 
(x+,0), z~ — (aC,0) £ S*Mx{0} be the critical points of a in 7r _1 (q)x{0}. Then the linearization 
of problem A4^(z~ , q) at the stationary solution (z~,q) has no non-zero solutions. If the inner 
product g& at z+ is generic, then the space of solutions of the linearization of problem M.^(z+ ,q) 
at the stationary solution (zj,q) has dimension n — 1. 

Once automatic transversality at the stationary solutions has been checked, standard transver- 
sality arguments in Floor homology implies that for generic Jt, gA, g\, and <?e, the space M^(z, 7) 
is a manifold of dimension +Ind(7; E, — e) — 1, for every z G crit a and 7 € crit e. Compactness 
and transversality imply that when Ind(7) = 1 — fi(z), M^(z,^f) is a finite set, whose parity we 
denote by n^(z, 7) € Z2. Then we define the homomorphism 

* : RF k (D*M,X,a) -> M 1_k (E,-e), *z := ^ ^(2,7)7, 

7Gcrit e 
Ind(7;E,-e) = l-fc 

for every z € crit a with fj,(z) = k. Notice again the use of the opposite Morse function on critE. 
A standard gluing argument implies that \& is a chain map from the chain complex RF* to the 
chain complex M 1- *, that is 

6V( = *aC, VC E RF* (D*M, A, a). 
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Properties of 'J. The first coupling condition in (|7.1|) shows that if A4y((x, 77), 7) is non-empty, 
then the loop tt o x is freely homotopic to the loop 7(— •)• Therefore, 

f : RF£(D*M, A, a) -> Mi;*(E, -e), Vc e [T, M], 

where — c denotes the class obtained by inverting the parameterization of the loops in c. 

The inequality (17. 3|) . implies that \& preserves the R-filtrations, meaning that for every E > 
there holds 

* : iiFi— '-^(D*M, A, a) - M^^E, -e). 
The remaining relevant properties of \& are listed in the following: 
Proposition 7.3 (a) If 7 is any critical point of e, £/iere 

*Z-( 7 )=7+^n*(Z-( 7 ),/?)/3, 

where f3 >- 7 means that either E(/3) > £(7), or E(/3) = £(7) and — e(/3) > — e(7). 
^ //a is a critical point of e on E _1 (0) ; i/ien 

The restriction 

* : i?Fi 0} (C*Af,A,a) = M, +n ^(a\ s , M ) -> M^E, -e) = M^-ek) = M,+„_i(e| J |tf) 

io i/ie complexes corresponding to the zero energy and action level induces the homomorphism 
tt,,, in homology: 

= tt, : ffi?^ 01 £* ff,+„_i(S*M) -» i?M { V } *(E, -e) £* H 1 ^*(M) = fl» +n _ 1 (M). 

(cj J7ie chain map H! is surjective and it admits a right inverse \t : M 1_ * — > -Ri* 1 *, which is 
characterized by 

ifte subspace defined in A5.5\) . 
(d) For every k < —1, : i?i<fc — ► M 1_fc is an isomorphism. 

Proof. Statements (a) and (b) follow from the inequalities (|7.3[) and Lemmas l7.1[l7.2[ together 
with the results of the Appendix B, in particular statement (c) of Proposition lB.il 

The homomorphism ^> : M 1 ^* — > can be defined as the homomorphism which maps 

7 G crit e into 

* 7 := (7) - E M7, ^~ (/?)) ^~ 
where the coefficients 71.^(7, Z~{(3)) are defined recursively by 

n <p(7>Z~(^)) : = ny{Z~{i),l3) + ^2 n *(l> z ~( a )) n ^( z ~( a )iP)i V7,/3ecrite. 

It is immediate to check that "i? is a right inverse of $ and that its image is RF~ , proving (c). 
Statement (d) follows from the last identity in (|5.9p . □ 

Again, the right inverse \& is a chain map if and only if its image is a subcomplex, so if and 
only if x(T*M) = 0. 
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8 The chain homotopy P 

The aim of this section is to prove that the composition \1/ o 

M*(E,e) % RF*(D*M,\,a) M 1_ *(E,-e), 
is chain homotopic to zero. More precisely, we shall prove the following: 
Proposition 8.1 There exists a homomorphism 

P : M*(E, e) -> M"*(E,-e) 

smc/i £/ia£ 

*o$ = pa + ^p, (8.1) 

and Pq m in € M$ i+DO [(E, -e). 

Notice that since = M k — (0) for k < 0, the chain homotopy P can be non-zero only for 
k = 0. Therefore, (|8.ip is equivalent to 

*o$| Ml =P9, *o$| Mo =<5P. 

Flow arcs with cascades. In order to describe the spaces of maps whose counting produces 
the homomorphism P, we need to introduce flow arcs with cascades for the Rabinowitz action 
functional A. The flow arcs with zero cascades are the pairs (S,v), where S > and 

v : \-S,S] x T — ► T*M x R 



is a solution of the Rabinowitz-Floer equation (|1.3|) . The set of flow arcs with zero cascades is 
denoted by Ao- If m > 1 is an integer, we denote by A m the set of (m + l)-tuples (vq, V\, . . . , v m ) 
of maps 

u : [0, +oo[xT -> T*M x R, v rn :]-oo,0]xT-» T*M x R, 
Vj ; R x T ->— > T*M x R, Vj = 1, . . . , m - 1, 

which solve the Rabinowitz-Floer equation (|1.3p and satisfy 

Uj(-oo) £ ^7°(uj_i(+oo)), Vj = 1, ...,m. 

The set of arcs with m cascades „4 m is the quotient of A m by the action of R m_1 given by m — 1 
independent s-translations on the middle components v±, . . . , v m -\. The set of arcs with cascades 
is the disjoint union 

A . Ami • 

m>0 

There are natural evaluation maps 

ev~ = (ev^ev^) : A -> T*M x R, ev+ = (ev^,ev^) : A — > T*M x R, 

defined by 

f v(-S) ifv = (S,v)eAo, 

\ v (0) ifv = [(uq, ■ • ■ , u m )] € An with m > 1, 



ev + (V) := 



v(S) Xv = (S,v)eAo, 

v m (0) if u = [(« , ■ ■ ■ ,u m )] G with ra > 1. 
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The spaces A4p. Let 7 and 7+ be critical points of e. We define 

Mp("f-,"f + ) := {(g-,v,q + ) e W"(7~ ; - VE, - Ve) x A x W u (j + ; -VE, Ve) 
7to ev5"(u) = ev(g-), eva (u) = ^E(ev(<r)), tt o ev^(«) = ev(g+)(— ), evt(v) = -y / E(ev(g+))| 

Equivalently, A4p(7~,7 + ) is the set of triplets ([(gf, ■ • • , <fo)],£, [((/i", ■ ■ • ,9^")]) in 

W u (7 _ ; -VE, -Ve) x A x W u (7 + ; -VE, Ve), 
which are coupled by the following conditions: 



if v = (S, v) = (S, (u, T))) e Ao then 



if v = [(vq, ■ ■ ■ , v m )\ G A m , m>l, then 



nou(-S,t) = q-(t), V (-S) = y jE(^) , 
nou(S,t)=q+(-t), T!(S) = -Jnti), 



7rouo(0,i)=5h(*) 5 ryo(O) = ^E ^), 
7rou m (0,t)=g+(-t), 7 7m (0) = - v /E(g+), 



where «o = {uo,Vo) and % = (u m ,7? m ). An index computation shows that the virtual dimension 
of Mp(j~ , 7 + ) is 

virdim Alp (7^,7+) = Ind(7~;E,e) + Ind (7 + ;E,-e). 

We are interested in the spaces Afp when the above virtual dimension is either or 1. Notice 
that if q is a critical point of e on E _1 (0) = M, then 

virdim Af p(q, q) = ind (q; e) + ind (q; — e) = dim M > 2. 

Moreover, we may assume that if 7 is a critical point of e corresponding to a non-constant geodesic, 
then 7(— •) is not a critical point of e. These considerations show that when the virtual dimension 
of A^p(7~,7 + ) does not exceed 1, then this set does not contain stationary solutions. Therefore, 
for a generic choice of c/a, 0k, Jt, and g&, transversality for the problem Alp(7~,7 + ) holds, 
whenever 

Ind( 7 -;E,e) + Ind ( 7 +; E, -e) < 1, (8.2) 
and, in this case, Afp(7~,7 + ) is a manifold of dimension 

dimA4p(7",7 + ) = Ind (7";E,e) + Ind ( 7 + ;E,-e). 

By Lemma the elements (q~,v,q + ) of Alp(7~,7 + ) satisfy the energy estimates 

vn-y-) > v^W > \Jn^) > Hv(-s)) > a(v( S )) 

> A(v(S)) > -^Hqf) > -yjntf) > -y/Efrt), 
for every s E [-S, S], in the case v = (S, v) S Ao, and 

VWT) > sjHqj) > yjnih) > A(«o(0)) > A(ty(s)) 

„(o)) > -yjnti) > -\fnqf) > -tMy+), 



(8.3) 



(8.4) 



> 



in the case v = [(vq, . . . , v m )] € A m with m > 1. These energy estimates imply uniform bounds on 
all the derivatives for the elements of A4p(7~, 7 + ), again using Propositions l2.2l 12.61 12. 71 Remarks 
2.31 and [231 together with bubbling off and bootstrap arguments. 

The main point, in order to get the compactness required to define P and to check that it is a 
chain homotopy between '3/ o <I> and the zero map, is to prove that the arcs with zero cascades in 
Afp(7~,7 + ) cannot shrink to zero. More precisely, we shall prove the following: 
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Lemma 8.2 For every pair of critical points 7", 7+ of e which satisfy 18.2(1 . there exists a positive 
number a = <r(7~ ,7 + ) such that for every (q~ ,y_,q + ) in A4p(j~ ,7 + ) with v — (5, v) £ Aq there 
holds S > a. 

Proof. The Hamiltonian H(q,p) = l/2(g*(p,p) — 1) is bounded from below by —1/2, so by 
equation (|1.5[) . 

rj(-S) - r](S) = - f ri'(s)ds = - [ [ H(u(s,t))dtds < S. 

J-S J-SJT 

Therefore, it is enough to find a positive lower bound for the number rj(—S) — r/(S). 

This positive lower bound is easily found when one of the geodesies 7~ or 7+ is not contractible. 
In this case, we may assume that both geodesies are not contractible (otherwise M.p{~{~ ,7 + ) is 
empty), and the coupling condition for (S, v) = (5, (u,i])) implies that 

rj(S) > VS, 17(5) < -VS, 

where 

S := inf E( 7 ) > 0. 

7 eAAf\A°M 

Another trivial case occurs when both 7" and 7" 1 " are constant loops, because in this case the 
assumption (|8.2[) on the indices implies that Mp(~{~ , 7+) is empty. In fact, assume by contradic- 
tion that A^p(7~,7 + ) contains an element (q~,v, q + ). Since the sets 

ev(W u (7-; -VE, -Ve)) = ^(7-; -Ve), 
ev(W u (7+; -VE, Ve) = W u { 1 +\Ve) = W s (-/+; -Ve), 

consist of constant loops, the energy estimate (|8.3[) implies that 

> A(ev~(w)) > A(ev+(w)) > 0. 

Therefore, v is constant, and 7r(ev^~(?;)) = 7r(ev+(?;)) is a point which belongs to both W u (j~~; — Ve) 
and W s ("f + ; — Ve). Since the flow of — Ve is Morse-Smale, we deduce that 

< ind (7";e) - md( 7 + ;e) = Ind (7";E,e) - dimM + Ind ( 7 +; E, -e). 

which contradicts (|8.2[) . 

It remains to treat the case where 7" and 7 + are both contractible, but not both constant. 
When 

Ind(7~;E,e)+Ind(7 + ;E,-e) = 0, 

that is when both the indices are 0, the positive lower bound is also easily found. Indeed, in this 
case 

ev(W u (7~; — VE, -Ve)) = {7"}, ev(W"(7 + ; -VE, Ve)) = {7+}, 
so the coupling condition implies that 

r?(-5) - V (S) = ^T) + V^+) > V~e, 

where 

e := inf EM > 0. 

7GcritB 
E( 7 )>0 

It remains to consider the case where 7" and 7 + are contractible, not both constant, and 

Ind(7~;E,e) + Ind ( 7 +; E, -e) = 1. 
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We treat only the case 

Ind(7 _ ;E,e) = 1, Ind (7+; E, -e) = 0, 
because the case Ind (7"; E, e) = 0, Ind (7" 1 "; E, — e) = 1 is completely analogous. Again, 

ev(W M (7 + ;-VE, Ve)) = {7+}, 

so if 7 + is not constant then 

V (-S) - rj(S) > -rj(S) = VWf+) > y/l 

Therefore, we may assume that 7+ = g max , the only critical point of — e on E _1 (0) with Morse 
index 0, and that 7~ is not constant. If 

ind(7~;E) = and ind(7 _ ;e) = l, 

the set 

ev(W u (7-;-VE,-Ve)) = W u {j-; -Ve) 
is contained in the connected component of critE which contains 7~, so 

ri(-S) - n(S) > n(-S) > inf VE > y/l. 

W»(j-;-Ve) 

Therefore, we may assume that 

ind (7" ; E) = 1 and ind (7" ; e) = 0. 

It follows that the set 

ev(W"(7 - ;-VE,-Ve)) 

is a one-dimensional curve with two (possibly coinciding) limiting points, which are relative minima 
of both E and e. If they are both non-constant geodesies, we get again that r)(—S) > \fe, so we 
may assume that at least one of them is a constant loop. Being also a minimum of e, such a 
limiting point is q min , and we deduce that 

rf:=dist(ev(W u (7";-VE,-Ve))nE- 1 (0),g max ) > 0. (8.5) 

Assume by contradiction that there is a sequence 

(£h'-h'lV he ® C ^•p(7~>7 + ) with V-h = (Sh,v h ) = (S h ,(u h ,r] h )), 

such that 



S fc -»0 and r) h (-S h ) = y/E(q h (-S h , •)) -» 0, 

where 

q h {s.t) :=nou h (s,t), q h (-S h , ■) E ev(W u (j- ; - VE)) , q h (S h , ■) = q max . 
Therefore, qh(—Sh, ■) converges in W ' (T, M), and in particular uniformly, to a constant loop in 

ev(W"(7 _ ;-VE,-Ve)) nE-^O). 

By (|8.5[) . for every h large enough we have 



LI s y 5 (^ s '*)>^( s '*)) dsd *-/ dis ^^ (8 - 6) 



By the local equivalence between the Levi-Civita metric and the (^-dependent) w-compatible metric 
I • |t on T*M, there is a number C such that 

2 

dtds. (8.7) 



du h 
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By 



A(v h (-Sh)) < y/V(q h (-S h ,-)), Hvh(Sh)) > -y/E(q h (S h ,-)) = ->/E(9max) = 0, 
so the energy identity (|2?29)) for the solut ions of the Rabinowitz-Floer equation implies the estimate 

f Sh f du h 
J-sJt ds S: t 

By (|8.6|) . ()8.7j) . Ij8.8|> . and the Cauchy-Schwarz inequality, we find 



dtds < k(v h (-S h )) - A(v h (S h )) < VE(q h (-S h ,-)). 



d 2 /A< 



< 2 ^/ g " ^(^( s '*)'^( s '*)) dtds<2CS h J ^ y 



-^-(s,t) 

OS 



dt ds 



< 2CS hy /E(q h (-S h ,-)). 

The latter quantity is infinitesimal for h — > +00, contradicting the fact that d is positive. This 
contradiction concludes the proof of the existence of a positive lower bound for S. □ 



Proof of Proposition 18.11 The remaining part of the proof uses standard arguments from 
Floer theory, and we just sketch it. If 7~ and 7+ are critical points of e with 

Ind(7~;E,e) = Ind( 7 + ;E,-e) = 0, 

then the discrete set Mp(-f~ ,7+) is compact, hence finite. In fact, by Lemma [8~2l the only se- 
quences in M.p{^~ , 7 + ) which might not converge are, up to subsequences, of the form (q7,v h , qj~), 
where v h is either an arc with at least one cascade, or v h = (Sh, vt) S Ao and Sh — > +00. In all 
cases, breaking must occur and in the limit we find an element which belongs to a component of 
negative virtual dimension of either .M$, .M*, or M.d, violating transversality. If rip(7~, 7+) £ Z2 
denotes the parity of the set 7W(7 _ ,7 + ), we define the homomorphism 

P:M (E,e)^M°(E,-e), P 7 ~ := Y, M7~,7 + )7+- 

7"*" £crit e 
Ind (7+;E,-e)=0 

As we have already checked in the proof of Lemma [8~^1 M. p(g m i n , <Zmax) is empty, so 

PgminG M ] ° 0i+oo[ (E,-e), 

as claimed. 

Now assume that 7~ and 7 + are critical points of e with 

Ind(7";E,e) + Ind (7+; E, -e) = 1. 

Using again the fact that S is bounded away from zero, one can show that the limiting points of 
each open arc in A^p(7 _ ,7 + ) are elements of either 

W(7~,7;-VE, -Ve) x X P ( 7 ,7+), 

for some 7 € crit e with Ind (7; E, e) = Ind (7" ; E, e) — 1, or 

M P (l~,i) x W(7+,7;-VE,Ve), 
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for some 7 £ crit e with Ind (7; E, — e) = Ind (7+; E, — e) — 1, or 

M<s,(j~,z) x _M*(z,7 + ), 

for some z £ crit a with /z(z) = Ind (7" ; E, e) . These limiting points contribute to either Pd, 5P, 
or $0 $. On the other hand, every element 

((9~,iT),(w + ,9 + )) € M^(j~,z) x X*(z, 7 +), 

with 

Ind (7";E,e) = n{z) = 1 - Ind (7+; E, -e), 

is the limiting point of some arc in M. p(j~ , 7 + ). More precisely, if v_~ £ A4 s h (z) and v + £ Ai^(z), 
then ((q~ 1 v~), (v + ,q + )) is the limiting point of a unique arc 

{g~(p),v(p),q + (p)) gXp(7",7 + ), 

with v(p) £ Ah+k-2- This fact can be proved by the standard gluing argument. Together with 
the analogous gluing results for 

W(7",7;-VE,-Ve) x X P ( 7 ,7+) and M P {l~ ,i) x W(7 + ,7; -VE, Ve), 

the above facts allow to conclude that (|8.ip holds. □ 



9 The short exact sequence and the proof of Theorem [T] 

We can use the chain homotopy P constructed in the last section in order to modify $ so that, 
together with we get a short exact sequence. More precisely, we set 

9 : M*(E, e) -> RF* (D* M, A, a), 6 := $ - i>Pd - 5*P, 
6 : RF*(D*M,\,a) -► M*(E, e), 6 := <£ + <ld*P$. 

By definition, is a chain map which is chain homotopic to 
We recall that a short exact sequence of chain complexes 

{)->X-^Y^Z->Q (9.1) 

is said to split if there are homomorphisms 9 : Y — > X and if) : Z —> Y (not necessarily chain 
maps) such that 

00 = ld x , W = ld z , 6§ + ^ = Idy. 

In this case, the homomorphism A := Ody'ip is a chain map from Z to X + , the suspension of 
X (which is defined by (X + )k := -X^-i and c?x+ := —dx), and the induced homomorphism in 
homology, 

A* : H*Z — ► H*X = H*—iX, 

coincides with the connecting homomorphism associated to the exact sequence (|9.ip (see e.g. 
D0I8O], Proposition 2.12). We are finally ready to state the first main result of this paper, which 
implies Theorem Q] of the Introduction: 

Theorem 9.1 Let M be a closed Riemannian manifold of dimension n > 2, and let (D*M,X) 
be its unit cotangent disk bundle, endowed with the standard Liouville 1-form. Let E be the 
geodesic energy functional on closed loops on M , and let A be the corresponding Rabinowitz ac- 
tion functional on AT*M x R. Assume that E is Morse-Bott. Lf the auxiliary Morse functions 
e £ C°°(critE) and a £ C°°(crit A) satisfy conditions (A0-A1-A2-A3-A4), then: 
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(a) The short sequence of chain complexes 

-> M*(E, e) RF*{D*M,\,a) M 1_ *(E,-e) (9.2) 

is exact. 

(b) The homomorphisms O and $ spZii i/ie above exact sequence, that is 

ee = w M , , = w M i-. , ee + = u RF , . 

(cj T7ie induced chain map 

A := e<9# : M 1_ *(E, -e) -> (M,(E, e))+ 
coincides with <&dty and satisfies 



A-f = 



x(T*M)q min for 7 = q max , 

for 7 G (crit e) \ {g max }, 



where x(T*M) is the Euler number ofT*M. 

Before proving the above theorem, let us derive its consequences (see also Theorem 1.10 in 
[CFO09] ). Since Q is chain homotopic to $, the long exact sequence induced by (|9.2p has the form 

> HM k (E, e) 5* HRF k (D*M, A, a) HM 1 ~ k (E, -e) ^ ffM fc _i(E, e) -> . . . 

or, taking into account the isomorphism between Morse homology (resp. cohomology) and singular 
homology (resp. cohomology), 

► H k {AM) ^ HRF k (D*M, A, a) ^ H x ~ k {AM) ^ H k -x{AM) ->■... (9.3) 

The connecting homomorphism A* vanishes at every index, except possibly at index zero, where 
A* : HM°(E, -e) = H°(AM) -► H (AM) = HM (E, e) 

is the composition 

H°(AM) = JJ H°(A C M) ^ H°(A°M) x( ^ J) H (A°M) % H Q (A C M) = H (AM), 

cG[T,M] cefT.Af] 

where 7To and io denote the canonical projection and inclusion associated to the component A M 
of AM consisting of contractible loops, and the middle homomorphism is the multiplication by 
the Euler number x(T*M), that is the homomorphism 

H°(A°M) -► H (A°M), C i-> X (T*M)£, 

where £ generates H (A a M) and £* is the dual generator of H°(A°M) = H (A°M)*. By the 
exactness of the long sequence (|9.3p and the above description of the connecting homomorphism 
A*, the Rabinowitz-Floer homology groups of the unit cotangent disk bundle are easily seen to be 



HRFk{D* M, A, a) = 

when k 7^ 0,1, wheras 



H k (AM) for k > 2, 
H 1 - k (AM) for fc < -1, 



HRF k (D* M, A, a) = H k (A c M) © H l ~ k {A c M), for fc = 0, 1 
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if either c € [T, M] is non-contractible or %(T*M) = 0, and 

HRF$(D*M,\,a) = H 1 (A Q M), HRF°(D*M, A, a) = ffi(A°M), 

when c = € [T, M] is contractible and x(T*M) 7^ 0. These considerations conclude the proof of 
Theorem []] of the Introduction. 

The following proof of Theorem 19.11 is based on Propositions 15.21 16.11 17.31 and 18.11 whose 
content we use repeatedly without further reference. 

Proof. We start by observing that Pq m in G M? Q +oo j, so ^Pq m in G -Ri* 1 ] hence 

dVPqvan G PP]~°°' 0[ . (9.4) 
We also have the chain of implications 

Im $ = RF~ => Imd% C z+ mln Z 2 + RF~ => Im $9* C g mi „Z 2 • 
Together with (|9.4|) . the last inclusion implies that 

Im<9*P$<9* C RF^ 00 ^ C PP", 

and we deduce that 

$dtfp$d# = 0. (9.5) 

Together with the identities $<E> = Idjvf, , = 0, (|9.5|) implies that 

ee = ($ + i><9*p<l)($ - *p<9 - <9*p) = u M , - $a*p + $a#p - ($d#p$d*)p = id M »- 

which shows that 9 is injective with left inverse 9. 
We claim that 

RF = Im 6 + RF~ . (9.6) 
For any £ 6 PP» , there exists 77 € M* such that £ € $77 + PP~ . Thus we have the inclusions 

£ G $?7+PF~ = (er ? +*Par;+c»*P?7)+PP _ = (Qrj+d^f Pr])+RF~ C 677+2^.^2 +PF". (9.7) 

By 

0<7min = *<7min - d^Pq m in £ + PP", 

which is equivalent to 

z+ im € &q min + RF~. 

Then d9J]) implies that 

£ G Ime + PP", 

concluding the proof of our claim (|9.6p . By the identity iff if? = Id M i-», 

*9 = - *P<9 - <9*P) = Pd + SP- *#Pd - *<9*P = Pd + 5P- Pd - SVVP = 0. 
So Im6 C ker\l/, but since 

PF = ker# 8 PF~, 

the identity (|9 .6[) implies that Im9 = ker^. Since we already know that if? is surjective, this 
concludes the proof of (a). 

By (|9.5[) . the square of $3wP vanishes, so Idjvf, + if>dif?P is an automorphism. Therefore, the 
kernel of 

e = (id M » + $a*p)$ 

coincides with the kernel of that is PF~. Then 90 is the projector onto ImO = ker\I/ along 
PF~, whereas if? if? is the projector onto PP~ along Ker<3> = Im0. It follows that 

96 + ** = fd RFr , 
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concluding the proof of (b). 
By (|9.5p . we have 

A := 99* = $5* + $a*P$9* = <l<9#. 
Moreover, we have the chain of implications 

Finally, if 7 is in (crit e) \ {g m ax}, then the coefficient of z7 m in ^7 vanishes, so d^j belongs to 
RF~ , and hence $9^7 = 0. This concludes the proof of (c). □ 



Remark 9.2 Instead of modifying the chain map $, we can modify \f r within its chain homotopy 
class, by defining V := $ — 5_P$ — PQd. The short sequence 

-> M*(E,e) RF*(D*M,\,a) ^ M 1_ *(E,-e) -> 
is ezaci and £/ie other statements of Theorem \9.1\ hold, with obvious modifications. 

Shifting the exact sequence. We conclude this section by comparing how the long exact 
sequence (|9.3p arises in our approach and in [CFO09]. The following observations were suggested 
to us by A. Oancea. 

Theorem 19 . 1 1 shows that the Rabinowitz-Floer complex RF*(D* M, A, a) can be identified with 
the direct sum of the chain complexes M*(E,e) and Af 1_ *(E, — e). Moreover, the homology of 
the first of the latter two complexes is the symplectic homology SH*(D* M) of the cotangent disk 
bundle, while the cohomology of the second one (after inverting and shifting the grading) is the 
symplectic cohomology SH* (D* M) of the same Liouville domain. 

In |CFO09| . the Rabinowitz-Floer complex RF*(W, A, a) of the Liouville domain (W, A) is 
seen instead as a quotient, in the following way. Fix two real numbers a < < f3, and choose 
a Hamiltonian H £ C°°(W) which is I^-shaped, meaning that H is equal to a large constant 
in W \ (cWx]0, 1]), decreases very steeply (with respect to —a and (5) in the negative collar 
dWx}0, 1[, and then increases very steeply in the positive collar dW x [1, +00 [. If Fj (H) denotes 
the Floer complex associated to H and to the action interval / C M., standard truncation produces 
the short exact sequence of chain complexes 

-» Fi"°°^ [ (ff) -» Ft^'^iH) -> F\ aM {H) -> 0. (9.8) 

The homology of the first complex in (|9.8p is shown to be the truncated symplectic cohomology 

while the homology of the second one is the truncated symplectic homology 

SH ] -°°> 0l (W,X), 

see Proposition 2.9 in [CFO09 . On the other hand, by the main result of [CFO09J, the homology of 
the last complex can be identified with the truncated Rabinowitz-Floer homology H x RF^ a '^(W, A). 
So the long exact sequence induced by (|9.8p is 

• ' ' - S Voo,-*[ W A ) "> SH ] k -°°' 0[ (W, A) - HRF^W, A) - SH^+^W, \) ->..., 

which after considering an inverse limit for a J, —00 followed by a direct limit for (3 f +00, produces 
the long exact sequence 

> SH- k (W, A) -» SH k (W, A) -» HRF k (W, A) -» S7}- fe+1 (W, A) — > (9.9) 
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The homomorphism 



SH- k (W,X) -» SH k (W,X) 



(9.10) 



in the above sequence can be thought as a sort of Poincare duality between symplectic cohomology 
and homology, and Rabinowitz-Floer homology is consequently seen as obstructing such a map 
from being an isomorphism, via (|9.9[) . In the particular case W = D* M, the homomorphism (I9.10|) 
is actually very far from being an isomorphism: It vanishes for every k ^ 0, and for k = it may 
be non zero only on the component of contractible loops, where it coincides with the multiplication 
by the Euler number x(T*M) (see Lemma 1.11 in [CFO09] ). 

Summing up, the Rabinowitz-Floer complex appears as the middle term in the short exact 
sequence (|9.2[) . but it appears as the last term in the short exact sequence (|9.8I) . This difference 
can be explained by the following general fact in homological algebra (see also Sections 1.5 and 
10.1 in [Wei94j . or the proof of Proposition III.3.5 in [GM03j 1. 

Let 

O^I^r * 2^0 (9.11) 



be a short exact sequence of chain complexes which splits: There exist homomorphisms : Y 
and ip : Z — > Y (in general not chain maps) such that 



X 



= Id 



X: 



ipip = ld Zl 00 + ipip = Id} 



As already recalled, the connecting homomorphism A* in the long exact sequence induced by 
(f9~TTj) . that is 

(9.12) 



H k X H k Y 
A: Z ^ X + 



il>. 



H k Z — ^ H k -iX 



is induced by the chain map 

A := Odyip, 

where X + is the suspension of X (defined by (X + ) k := X k -\ and dx+ 
cone of the chain map ip, that is the chain complex defined by 



-d x ). Let C(ip) be the 



C{i>) :=Z0Y+, d CW (z, y) := (d z z + yjy, -Oyy). 



Then 



O^ZA C(ip) ^ Y^ 



0. 



(9.13) 



where iz := (z,0) and 7r(z,y) :— y, is a short exact sequence of chain complexes. 

We claim that C(ip) is chain equivalent to X + and thereby the long exact sequence induced 
by (|9. 13|) becomes isomorphic to (|9. 12|) . up to a shift. Indeed, the chain maps 



ax := (0, Ox), 
p(z,y) := Az + Oy, 



a : X — > C{ip), 
p : C(1>) -» X+, 

are homotopy inverses one of the other, because of the identities 

pa = ld x + , Idc(-0) -ap = r d C (^) + d C (^)T, with r(z, y) 



(0,*l>z). 



Moreover, the short exact sequence (|9. 13|) is splitted by the homomorphisms t(z, y) := z and 
iry := (0, y), so the connecting homorphism induced by (|9.13p is the homomorphism in homology 
induced by the chain map Idc^ft = i>- Together with the identities pi — A and ixa — 0, we 
conclude that the long exact sequence induced by (|9 . 1 3[) coincides with the long exact sequence 
(|9.12|) . up to a shift, as the following commuting diagram shows: 



H k Z ■ 



— H k C(iP) 



H k Z ■ 



A» 



— >■ H k Y + — -^->- H}.-iZ ■ 



H k X+ = H k ^X Hk-iY H k -iZ 
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Let us apply the above considerations to the short exact sequence (19.21) . endowed with the 
splitting given by statement (b) in Theorem l9.ll We obtain that the cone of VP is chain equivalent 
to suspension of the Morse chain complex of E, 

C(i/>)~ (M,(E,e)) + , 

and that the long exact sequence induced by (|9.2[) . that is (|9.3p . coincides up to a shift with the 
homology sequence induced by the short exact sequence of chain complexes 

»- M— (E,-e) ^C(#)*+i ^RF,(W,X,a) > 0. (9.14) 

JL 

M*(E, e) 

The above short exact sequence is the analogue of (|9.8p . in the particular case W = D*M and 
after taking limits for a I — oo and [3 f +oo, so the induced homology sequence is (|9.9p . The first 
chain map in (|9.14p induces the homomorphism 

SH~*(D*M, A) ~ iT*M(E,-e) -> = H»M(E,e) = SH*(D*M, A), 

which by statement (c) in Theorem 19 . 1 1 coincides with the homomorphism (|9.10[) described above. 



10 Uniformly convex domains in T*M containing a Lagrangian 
graph 

Let us consider the situation of Example 2 in Section[TJ M is a closed manifold and W is a compact 
subset of T* M , which has smooth fiberwise uniformly convex boundary and whose interior part 
contains a Lagrangian graph, that is a set of the form 

{(«,%)) I 

where is a smooth closed one- form on M. We recall that in this case W is a Liouville domain 
with respect to the one-form 

X g := A — ?r*0. 

We assume that the closed orbits of the Reeb vector field R on dW induced by the contact form 
a := \e\dw are of Morse-Bott type (see Section [3]). 

The Hamiltonian H. For every q € M, let 

be the function which takes the value 1 on dW fl T*M and is such that the function 

P»fMq)+p), p *= t*m, 

is homogeneous of degree 2. The function f q is continuously differentiable on T*M and it is 
smooth on T*M \ {9(q)} (it is everywhere smooth if and only if dW (1 T*M is an ellipsoid). By 
the 2-homogeneity, 

df q (p)[p-9(q)]=2f q (p), VpeT^M. (10.1) 

By the properties of W, we can find a smooth function H on T*M which has postive definite 
fiberwise second differential and such that 

H(q,p) = ±{f q (p)-1) (10.2) 
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for every q G M and every p outside a neihborhood of 9(q), contained in the interior part of 
W n T*M. In particular, the zero level set of H is dW and (|10.1[) . (|10.2|) imply that for every 
(q,p) € dW there holds 

A e (X ff (q,p)) = (X-w*6)(X H (q,p)) =d p H(q,p)\p-6(q)] = \df q (jp)\p - %)] = f q (p) = 1, 

so Xh \aw coincides with the Reeb vector field R. 

By the discussion of Example 2 in Section [TJ the completion of (W, Xg) is identified with T*M 
by means of the embedding 

3Wx]0,+oo[- T*M, ((q,p),p) .-(?,%) + pip - %))). 

By the fact that (|10.2ll holds on T*Af \ Int (W), and by the 2-homogeneity property of f q , for 
every {q,p) € dW and every p > 1 we have 

H((q,p),p) =H(q,e(q)+p(p-e(q))) = l(f q (e(q)+p(p-e(q)))-l) = l -{p 2 f q {p)-l) = \{p 2 -l)- 

We conclude that the Hamiltonian H is compatible with (dW, a) and eventually quadratic on the 
completion (W, Xg) = (T*M, Xg) ofW (see Section [3|), so we can use it to define the Rabinowitz- 
Floer homology of (W, Xg). By construction, the second derivatives of H satisfy the bounds: 

d 2 p H(q,p)>h Q ld, (10.3) 
\V pp H(q,p)\ < hx, |V MJ E%p)|</ii(l + b|), \V qq H(q,p)\ </ii(l + b| 2 ), (10.4) 

for every {q,p) € T*M, for some ho, hi > 0. Here V pp , V gp and V g(J are the components of the 
Hessian of H associated to the horizontal- vertical splitting of TT*M induced by some Riemannian 
metric on M. The symbol | • | denotes the norm on TM and on T* M induced by such a metric. 

The Lagrangian L. Let L : TM — > M be the Fenchel transform of H, defined by 

L(q,v):= max ((p,v) - H(q,p)). 

p£ T* M \ / 

By (|10.3|) and (|10.4[) . L is smooth, and satisfies similar bounds: 

d 2 v L{q,v) >£ Id, (10.5) 
|Vw,L(g,«)|<*i, \V vq L{q 1 v)\<t 1 {l + \v\), \V qq L(q,v)\ <£i(l + \v\ 2 ), (10.6) 

for every (q, v) £ TM, for some £o,$i > 0. The Lagrangian action of an absolutely continuous 
curve 7 : [0, T] — > M is denoted by 

Sz(7):= / T L(7W,7'W)^. 



We recall that the Mane critical value of the Lagrangian L is the number 

e(Z) := inf {k e K | § L+K (7) > V7 : M/TZ M absolutely continuous, VT > 0} . 

G. Contreras, R. Iturriaga, G. P. Paternain and M. Paternain CIPP98 have shown that the Mane 
critical value of the Lagrangian L can be expressed in terms of the dual Hamiltonian H as 

c(L) = inf max H(q,du(q)). (10.7) 

Since 6 is a closed one-form, the Lagrangian L — 9 defines the same Euler-Lagrange equation as the 
Lagrangian L, in particular it defines the same extremal curves. Moreover, the Fenchel transform 
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of L — 9 is the Hamiltonian (q,p) — > H(q,p + 0(q)). By using (|10.7|) , we deduce that the Marie 
critical value of the Lagrangian L — 9 is negative: 

c(L-9) = inf ma,x H(q,du(q) + 9(q)) < ma,xH(q,9(q)) < 0, 

u£C^(M) q£M q£M 

where we have used also the fact that the image of the one-form 9 is contained in Int (W) = {H < 
0}. 

Remark 10.1 If one starts from the Lagrangian formulation, the setting described in this section 
takes the following form. Let L be a Tonelli Lagrangian on TM , that is a smooth function L on 
TM such that 

L{q,v) 
inn — |— : — = +oo, 
H-»+oo \v\ 

and the fiberwise second differential d^L(q,v) is everywhere positive. We pick a real number k 
which is larger than the strict Mane critical value of L, that is the Mane critical value of the lift 
of L to the Abelian cover of M , or equivalently the number 

co(L) := minc(X — 9), 


where the minimum is taken over the set of all closed one-forms on M , see [PP971. Let H G 
C°° (T* M) be the Hamiltonian which is Fenchel dual to L, and let W be the set {H < k}. If 9 is 
a closed one-form on M such that c(L — 9) = cq(L), then the characterization {10. 7| ) applied to 
L — 9 implies that there exists a smooth function u on M such that the interior part of W contains 
the Lagrangian graph given by the image of the closed one-form du + 9. Therefore, W fulfills the 
requirements of this section (and of Theorem^ of the Introduction). 

Remark 10.2 On the other hand, if k < cq(L) then the energy level iJ _1 (/c) may not be of contact 
type, so in particular {H < n} may not be a Liouville domain with respect to any primitive of 
the symplectic form to and the Rabinowitz-Floer homology, as presented in this paper, may not 
be well-defined. For instance, by Theorem B.l in \Con 06l. H^ 1 ^) is never of contact type when 
c u (L) < k < Cq(L) and M is not the 2-torus. Here c u (L) is the Mane critical value of the lift of 
L to the universal cover of M , a number which is in general strictly lower than cq(L), see \PP91tf . 
However, if n is in this range, the energy surface is of virtual contact type and Rabinowitz-Floer 
homology can be easily extended to this situation, as shown by K. Cieliebak, U. Frauenfelder, and 
G. P. Paternain in \CFP09f . A work in progress by W. Merry [MerOf^ shows how to determine 
the Rabinowitz-Floer homology for this range of energies, in the more general case where the 
standard symplectic form of the cotangent bundle is twisted by a weakly exact magnetic two-form. 
Below c u {L), the energy surface may not be of virtual contact type and extending Rabinowitz-Floer 
homology to such levels is substantially more difficult. See ]CFP09^ for results in this direction 
and for many instructive examples. 

11 The Morse chain complex and differential complex of 
the free period Lagrangian action functional 

The aim of this section is to show how the fact that the Mane critical value of L — 9 is negative 
allows to associate a Morse chain complex and a Morse differential complex to the free period action 
functional Sl-8- The necessary analysis is due to G. Contreras |Con06j (see also CIPP00 ). 

Properties of the action functional S. It is useful to reparametrize every closed curve 7 : 
R/TZ -> M, for T > arbitrary on the circle of unit length T = R/Z, by setting q(r) := j(Tt) 
for t € T. With this change of variable, the action of 7 associated to the Lagrangian L — 9 takes 
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the form 

S(g, T) = § L -e(q, T) := § L _ e ( 7 ) = f (L - 0)( 7 (t), 7' (t)) dt = T [ (L - 9)(q(r),q' \r)/T) dr 

Jo Jt 

= T f L(q(T),q'(T)/T)dr- f q*{6). 
Jt Jt 

A suitable functional space for the Morse theory of § is the Hilbert manifold 

M ~ W 1 ' 2 (T,M)x]0,+oo[. 

We denote by the connected component of ^# corresponding to contractible loops. By (|10.5() . 
there are positive numbers I2 , (3 > such that 

(L-6)(q,v)>l 2 \v\ 2 -£ 3 , V(q,v)eTM. (11.1) 

Together with the fact that c(L — Q) is negative, the above estimate has the following consequences: 

Proposition 11.1 (a) § is strictly positive on , and 

inf § = 0, inf § > 0. 



(b) For every S € R, 

inf {T > I (o, T) G JZ \ %, T) < 5} > 0. 

(cj For every (q, T) in ^# there holds 

I W(r)\ 2 dr<^(q,T) + ^T 2 . 
Jt *2 «2 

fd,) For every (q,T) in ^# i/iere Zio/ds 

S(<?,T) > -c(L-9)T. 

Proof. By (fTTTTj) , there holds 

S(q,T)=T [(L-e)(q(T),q'(T)/T)dT>^ f \q* \r)\ 2 dr - t 3 T, 
Jt 1 Jt 

which implies (c). Since M is compact, the length of every non-contractible absolutely continuous 
curve is bounded from below by some positive number t. Therefore, if (q, T) £ ^ \ then 

2 



e 2 <U\q'(T)\dr\ < J \r)\ 2 dr, 
from which, using (c) and the bound S(q, T) < S, we get 

r»>^-|s (3 ,r,>|^-| S , 

which implies (b). If j(t) = q(t/T), then 



S(9,T)= jf (i-0)( 7 (i), 7' = y ((L-fl)( 7 (t) l7 / (*))+c(L-fl))di-c(i-fl)T>-c(i-e)T, 
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because of the definition of the Mane critical value c(L — 9). This proves (d). Since c(L — 9) < 0, 
the inequality (d) implies that S > 0. If q : T — > M is a constant loop, then 

§(q,T)=TL(q,0) 

converges to zero for T J. 0, so the infimum of § on is zero. By (b) and (d), the infimum of § 
on ^# \ is positive. This concludes the proof of (a). □ 

The functional S is of class C 1 ' on but in general it is not twice differentiable. More 
precisely, S is everywhere twice Gateaux-differentiable, but it is twice Frechet-differentiable at 
some (q,T) £ if and only if for every r £ T the function v i— ► L(q(r),v) is a polynomial 
of degree at most 2 on T q ^M, see |AS09j . Let E : TM — > M be the energy associated to the 
Lagrangian L — 9, or equivalently to the Lagrangian L, that is the function 

E(q, v) = d v (L- 9){q 7 v)[v] — (L — 9)(q, v) = d v L(q, v)[v] - L(q, v). 

Equivalently, E is the composition of H with the Legendre transform 

TM — > T*M, (q,v) ^ d v L(q,v). 

Therefore, E is constant along the Euler-Lagrange flow induced by L, and the quadratic growth 
assumptions on H (|10.3H10.4|) imply that also E has quadratic growth in v, so by (|10.6|) we can 
find positive numbers eo, &\ such that 

E{q,v)>e L(q,v)- ei , V(q,v)eTM. (11.2) 

The partial derivative of S with respect to the second variable is easily seen to be 

^(q, T ) = -^[ E(j(t), V (t)) dt, (11.3) 

where as before j(t) — q(t/T). Therefore, (q, T) is a critical point of § on ^# if and only if 7 is a 
periodic solution of the Euler-Lagrange equation associated to L with (not necessarily minimal) 
period T and energy E(j,j') = 0. Equivalently, 1 1— > d v L(^(t), 7 ; (i)) is a T-periodic orbit of Xjy on 
the energy surface cW = i/ _1 (0). Since such an energy surface is compact and does not contain 
critical points of H, the period of its closed Hamiltonian orbits is bounded away from zero, so 

inf {T >0 I (q,T) G critS} > 0. 

Together with statement (d) of Proposition 111.11 and the fact that c(L — 9) is negative, we deduce 
that the critical values of § are bounded away from zero: 

inf {S(q,T) \ (q,T) € critS} > 0. (11.4) 



A smooth pseudo-gradient for S. We recall that M /1,2 (T, M) is endowed with the complete 
metric (|4.1I) induced by the Riemannian structure of M, and we can endow ^ with the product 
metric by the standard metric of ]0, +00 [. Of course, such a metric - that we still denote by ((•, •)) 
- is not complete. The corresponding norms on and I ' . // are denoted by || • ||. 
By (TTOl) and (ITTT21 . 

((VS(g,T), A)) = ^( ? ,T) < -|s( gi T) + ei . (11.5) 

In particular, 

«VS(g,T) A))<_ ei if §(<z,T)>^T. (11.6) 
oT e 

Moreover, if qo £ M is a constant loop, then 

||( go ,T)=L(go,T) = - min ff( 9o ,p) > 0. (11.7) 

Although the functional S is just C ' x on the Morse-Bott assumption allows to construct a 
smooth pseudo- gradient for S, by which we mean a smooth vector field Z on such that: 
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(Zl) Z is bounded; 

(Z2) dS(w)[Z(w)] > 5{§(w))\\d§>(w)\\, for every w € ./#, where <5 is a continuous positive function 
on ]0, +oo[; 

(Z3) singZ = critS and for every w in such a set VZ(w) = V 2 S(w), the Gateaux Hessian of S at 

The symbol singZ denotes the set of zeroes of the vector field Z, and the Jacobian VZ(w) : 
T W ^K — > T W ^M is well-defined at every w € sing Z. The construction of such a smooth pseudo- 
gradient vector field is described in AS09] , in the case of the fixed period action functional - under 
Morse assumptions - but the case of the free period functional - under Morse-Bott assumptions 
- is analogous. The construction of Z far from the critical set of § uses just a partition of unity 
argument, so by (|11.6|) and (|11.7[) we may also achieve the properties: 

(Z4) There exists C > such that ({Z(q, T), d/dT)) < if %, T) > CT; 

(Z5) the submanifold Mx]0, +oo[ is invariant with respect to the local flow of Z. 

In order to achieve (Z5), one might need to change the positive function 5 of (Z2), taking into 
account the fact that if go is a constant loop then 

S(q ,T) = TL(q o ,0) -> +oo for T — > +oo, 

uniformly in qo S M. The construction of Z near the critical set uses the fact that this set is a 
smooth manifold, by the Morse-Bott assumption, and some properties of the map w i— > V 2 8(w) 
with respect to the strong topology of operators. 

We recall that a Palais-Smale sequence at level S for the pair (§, Z) is a sequence (wh) C ^ 
such that S(wh) — > S and dS(wh)[Z(wh)] — > 0, and that the Palais-Smale condition at level S 
holds whenever every such sequence has a subsequence which converges in j$ (see |AM06| : when 
Z is the gradient of § one recovers the standard definitions). 

Let (f)~ z be the local flow of — Z on Property (Z2) above guarantees that S is strictly 
decreasing on the non-constant orbits of 4>~ z ■ If w € let ]o~~(w), a+(w)[ be the maximal 
interval of existence of the flow line a i— ► cf>~ z (o~,w) through w. A subset srf C ^ is positively 
(respectively negatively) invariant with respect to <\T Z if w G ja^ implies (j)~~ z {a,w) E for 
every a € [0, <t+(w;)[ (resp. for every cr €]<T- (w), 0]). The local flow 4>~ z is said to be positively 
(resp. negatively) complete with respect to the positively (resp. negatively) invariant set if every 
w G ^# such that o~ + (w) < +oo (resp. a-(w) > — oo) eventually enters that is 0~ z (cr, w) (z srf 
for some cr > (resp. <r < 0). 

Proposition 11.2 (a) The pair (§, Z) satisfies the Palais-Smale condition at every level S > 0. 

(b) For every S > 0, the local flow <fi~ z is positively complete with respect to the sublevel {§ < S}. 

(c) Let S > 0. Then the set 

£? s ■= {{q,T) EJ(\CT <S < §>(q,T)} 

contains no critical points ofS and is negatively invariant with respect to the local flow <f>~ z . 
Moreover, the restriction of the local flow $T Z to the (negatively invariant) set {§ > S} is 
negatively complete with respect to s^s- 

(d) The functional S has a positive minimum on every connected component of More- 
over, S has a positive minimum on (crit S) PI . 

(e) Ifw£ Jt° and 

E>(w) < min 8, 

(critS)n^#° ' 

then, setting (q(a) , T (a)) := <\T Z (o,w), §(q(a),T(a)) — > 0, T(a) — * 0, and q(a) converges 
in W 1 ' 2 to a constant loop, for a f a+(w). 
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Proof. Statement (a) is proved in |Con 06j. Proposition 3.12, in a similar setting. Here we 
just sketch the argument. Let (qh,Th) be a Palais-Smale sequence for (S,Z) at level S > 0. Since 
c(L — 8) < 0, by Proposition lll.il (d) the sequence (T^) is bounded from above. By property (Z2) 
of the pseudo-gradient Z, the sequence ||d§(g/i, is infinitesimal. Moreover, by f) 1 1 . 5[) . 



\dS(q h ,T h )\\ > 



OfKQh, J-h) 



J-h 



and since S(qh,Th) — > S > 0, we conclude that (7),) is bounded away from zero. Up to a 
subsequence, we may assume that Th — > T G]0, +oo[. Then the proof of the compactness of (qh) 
in W 1:2 (T, M) is analogous to the case of the fixed period action functional (see e.g. |Ben86) or 
AS09]): One uses the upper bound on the action and the quadraticity of the Lagrangian to show 
that (q/j) is equi-l/2-H61der continuous, so up to a subsequence it converges uniformly, and the 
fact that \\d q S(qh,Th)\\ is infinitesimal allows to prove that the latter convergence is in W 1,2 . This 
concludes the proof of (a). 

Since Z is bounded with respect to the product metric on if w is an element of ^ such 
that <7+(w) < +oo, then, denoting the orbit of z as cj)~ z (<j,w) = (q(a),T(a)), we have 

liminf T{a) = 0. 

Since T(a) > for a < a + (w), there exists a sequence ah T a +( w ) such that T'(<Jh) < 0. However, 
by property (Z4) of Z, 

T'(a) = {{±4>- z (a,w), A)) = - {{Z (q(a),T(a)), A)) > , if CT(a) < S(q(a),T(a)). (11.8) 

This fact forces the decreasing function a S(q(a),T(a)) to converge to zero for a f a + (w). 
Therefore for every S > 0, 0~ z (cr, w) eventually enters the positively invariant set {§ < S}. This 
proves (b). 

Let S > 0. By (|11.8p . the set ^5 contains no critical points of S and is negatively invariant 
with respect to (f>~ z . Let a ^ 4>~ z (a,w) = (q(cr) , T (c)) be the flow line through a point w in 
{§ > S} and assume that <j-(w) > —00. By the boundeness of Z, we have 

liminf T(cr) = 0. 

o"1ct_ (to) 

In particular, there exists a g]<t- (w), 0[ such that T(cr) < S'/C and hence (g(cr), T(o")) € J^s- This 
shows that the restriction of the local flow <f)~ z to {§ > S} is negatively complete with respect to 
s^s and concludes the proof of (c). 

By the Palais-Smale condition proved in (a) and by Proposition 1 1 1 . ll (a), S has a minimum on 
every connected component of ^ \ By (a) and (| 1 1 .4[) . § has a minimum on its critical set in 
the component This proves (d). 

Let z and (q(a),T(a)) be as in (e). By (a) and (b), S(q(a),T(a)) -> for a T cr+(w). So 
Proposition II 1 . ll (d) implies that T(a) — > 0, and by Proposition 1 11.1 1 (c), g(cr) converges to a 
constant loop in W 1 ' 2 , for cr f <j + (iy). This concludes the proof of (e). □ 



The Morse chain complex of S. The fact that the functional § admits a pseudo-gradient 
vector field Z for which the properties (a) and (b) of Proposition 111.21 hold implies that for every 
Sq > the relative Morse chain complex of S with respect to the sublevel {§ < So} is well-defined 
(see |AM06j ). By (fIT4|) and Proposition EH (d), we can choose So > to be so small that 

S < mincritvalS, (11.9) 

where critvalS denotes the set of critical values of §. Since we are in a Morse-Bott setting, we 
need to fix also a Morse function s 6 C°° (crit S) and a Ricmannian metric g§ on crit S such that 
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the corresponding negative gradient flow of s is Morse-Smale. By the construction of Section [U up 
to the perturbation of the pseudo-gradient vector field Z and of the metric gs, we get a boundary 
operator 

8 : Mf +oo[ (S, s) -> Mf^°° l (§, s). 

The reason why we specify the interval ]0, +00 [ for the Morse complex of a functional all of whose 
critical values are positive is that we wish to reserve the notation M*(§, s) for an extension of this 
chain complex, which takes into account also the critical points at infinity of §. See below. 

The homology of the chain complex (m] ' +oo '(§, s), d) is isomorphic to the relative singular 
homology of the pair (^#, {§ < So}). The singular homology of this topological pair is isomorphic 
to the singular homology of the pair (AM, M), the space of free loops on M modulo the constant 
loops M C AM, so: 

HMf' +ool (S, s) H k (AM, M), Vfc G Z. 
In fact, we have the following: 

Proposition 11.3 If < Sq < mincritvalS, then the topological pair (./#,{§ < So}) is homo- 
topically equivalent to (AM, M) . 

Proof. If qo e M is a constant loop, then 

S(q ,T) = TL(qo,0) < Tmax%0), 

qeM 

so we can find a number To > such that 

S{q a ,T) <So, Vq eM, VTe]0,T o ]. (11.10) 

Given e > 0, we consider the following open neighborhood of M in H^ 1,2 (T, M): 

N e (M) := {q G W 1 ' 2 ^, M) I \\q'\\ L 2 m < e} . 

The length of any loop in N e (M) is less than e, so if e is smaller than the injectivity radius of M, 
we can find a homotopy 

ip s : W 1>2 (T,M) -» W^CT.Af), s G [0,1], 

such that ipo — id, ifji(N e (M)) — M, and ip s \M = id f° r every s £ [0,1]. By taking Proposition 
111.11 (c) and (d) into account, it is easy to see that there is a number Si > such that 

%,T)< 5l =► I Infi^ T <T T y rnn ( 1L11 ) 
^ ; \ S(ip s (q),T) < So, Vse[0,l]. v ; 

By Proposition [TO] (e), we can find a non-negative continuous function a < a+ on ^# such that 

§H<So => ^)He{§<5i}. (11.12) 

Denote by 7Ti and 7T2 the two projections on Fy 1,2 (T, M)x]0, +00 [. We define the continuous maps 

(Jt, {S < So}) (iy^ 2 (T, M), M) 

by 



i(g) := (q,T ), r(w) := ^ (^(^H)) . 



The map j is well-defined because of (|11.10[) . The map r is well-defined because of (|11.12[) , (|11.11[) , 

and by the fact that maps N e (M) into M. For every s G [0, 1], the map 



g s {w) := (V' s (7ri(0 (T( t)H)) I 7r 2(0 (T( t)(w)) 



63 



maps {§ < So} into itself, because of (|11.12|) and (jTTTTTJ) . Since i/jq — id, g s is a homotopy between 
the map 

{^,{§<S }) - {§<%}), w ~ <f>-z w) (w), (11.13) 
and the map . The map <?! is homotopic to j o r by the homotopy 

/i s («j) := (v>i(n(0~ ( t)H))> sT b + (1 - s )n2{<f>~( w) (w))) , 

which satisfies 

/i s ({§< So}) C Afx]0,T ] C {S< So}, Vse [0,1], 

because of (|11.12j) . (jll.lljl . the fact that ^i(iV e (M)) = M, and (jll.lOp , The map l|11.13j) is clearly 
homotopic to the identity mapping on {y^K , {§ < S'o}), which is then homotopic to j o r. 
By property (Z5) and by the fact that ^ s restricts to the identity on M, the homotopy 

k s (q) := V> s (7ri(C4,T )(9' r o))) 

maps M into itself and shows that roj is homotopic to the identity mapping on {W 1,2 (T, M), M). 

We have proved that the maps r and j are homotopy inverses one of the other. The thesis 
follows from the fact that the inclusion 

(AM, M) ^ (W l ' 2 (T,M),M) 

is a homotopy equivalence. □ 

If we want to recover the full homology of AM, we need to consider also the critical points at 
infinity for the functional § (in the sense of A. Bahri, see Bah89 ). These are the virtual critical 
points that one finds by following the orbit of points w by the local flow of — Z which do not 
converge in for o \ <r + (w). By Proposition [TTT2] (a), (b), (e), every such flow a line converges to 
(q, 0), where q £ M C W 1,2 (T, M) is a constant loop. This fact suggests to extend the auxiliary 
Morse function s also to the manifold M - the space of critical points at infinity of § - and to 
define M*(§, s) to be the Z 2 -vector space generated by all the critical points of s. It is then easy 
to extend the boundary operator d to M*(S, s): if w and q are critical points of s, with w £ 
and q £ M of index difference 1, the coefficient of q in dw is defined by counting modulo 2 the 
flow lines with cascades for (-Z, — Vs) which converge to some point in W s (q; — Vs), whereas dq 
is defined using only the negative gradient flow of s on M . The homology of the chain complex 
(M*(S,s),<9) is then 

HM k (S, s) = H k {jT) = H k (AM), 

for every k £ Z. 

The differential complex of S. Similarly, the fact that the functional § admits a pseudo- 
gradient vector field Z for which the properties (a) and (c) of Proposition 111.21 hold imply that 
for every Sq > the Morse differential complex of § on {§ > S'o} \ £?s 1S well-defined. Again, we 
choose 5*o > smaller than the minimum critical value of S, and we choose the auxiliary Morse 
function on critS to be — s. The differential 

defines a differential complex, whose cohomology is isomorphic to the singular cohomology of the 
pair 

({S > S } \ ^SoASo < S < St} \ *fc ), 
where Si > So is smaller than the minimum critical value of S. By excision, the cohomology of 
this pair is isomorphic to the cohomology of (^#\^5 , {§ < Sx}\s^s )- As implied by Proposition 
II 1.41 below, the cohomology of the latter pair is isomorphic to the cohomology of (AM, M), so 

HM ]o,+co[(^ -*) - H k (AM, M), Vfc £ Z. 
It remains to state the following: 
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Proposition 11.4 The pair (..# \ £/s > < ^l} \ ^S ) * s homotopically equivalent to (AM, M). 

Proof. The proof is analogous to the proof of Proposition 111.31 taking into account the fact 
that the set s^s is negatively invariant with respect to <f)~ z . □ 

As before, we recover the cohomology of AM by considering also the critical points at infinity 
of §. If the Morse function is extended to M, and M*(S, — s) denotes the direct product of Z2 w 
for every critical point w of — s, the differential 5 extends to M*(S, — s), and its cohomology is 

HM k (E, -s) = H k {.£) S H k (AM), 

for every k G Z. 

12 The chain maps S, T and the proof of Theorem [2] 

Let W C T*M, 8, Xg, H, and L be as in Section [TO] The aim of this last section is to construct 
the chain maps 

S : M*(S,s) -► AF*(W,A e ,a), T : A e , a) -> M x -*(S,-s), 

and to show their properties, which lead to the proof of Theorem [2] of the Introduction. Since 
most of the arguments are similar to the case of the chain maps $ and 'J, we omit most of the 
details. 

Definition of 3 and T. We assume that the auxiliary Morse functions a on critA and s on 
(crit S) U M (we are including the critical points at infinity of S) are related by the analogue of 
conditions (A1-A4) of Section [SI where s plays the role of e. If w is a critical point of s (possibly 
a critical point at infinity) and z is a critical point of a, the space Mz(w, z) is the set of pairs 
([(wi, . . . , w m )\, [(ui, . . . , Vk)]) in yV u (w; —Z, — Vs) x M s (z) coupled by the conditions 

q m (t)=TTo Ul (0,t), m (0) = T m , (12.1) 

where vi(s,t) = (ui(s,t),r)i(s)) and w m = (q m ,T m ) is in .M if T m > 0, or is a critical point 
at infinity of § if T m = (the unstable manifold with cascades W" and the spaces of half-flow 
lines with cascades Al s , M. u for the Rabinowitz-Floer equation are defined in Sections [4] and [6l 
respectively) . 

Similarly, the space M.y{z 1 w) is the set of pairs ([(«i, . . . ,«&)], [(u>i, ■ ■ ■ ,w m ))) in M u (z) x 
W u (w; —Z, Vs) coupled by the conditions 

q m (t) = Trou k (0,-t), Vk (0) = -T m , (12.2) 

where v k (s,t) = (u k (s,t),T) k (s)) and w m = (q mi T m ) are as before. 

Let Ah x, respectively Ah \ 9 , be the Rabinowitz action functionals associated to the Hamil- 
tonian H and to the standard Liouville form A, resp. to the perturbed Liouville form Xg. Since 
the form 9 is closed, the difference A#,a — Ah,\ s is constant on every connected component of 
C°°(T,T*M) x R. 

The energy estimates for the elements of A4s(w, z) and A4r(z, w) are based on the following 
fact, which can be seen as a generalization of Lemma |5. II 

Lemma 12.1 Let L G C°°(TM) be a Tonelli Lagrangian and let H G C°°(T*M) be its Fenchel 
dual Hamiltonian. Let x — (q,p) G C°°(T,T*M). Then 

A H ,x{x,T) <S L (q,T), VT>0, 

and the equality holds if and only if p(r) — d v L(q(r), q' {t)) for every r G T. Similarly, 

A H ,x{x(-),-T)>-S L {q,T), VT>0, 

and the equality holds if and only if ' p{—r) — d v L(q(r),q' '(r)) for every r G T. 
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Proof. This is a direct consequence of Fenchel duality. In fact, 

S L (q,T)=T f L(q(T),q'(T)/T)dr = T f max (<£, </(r)/T) - H (g(r), £)) <*r 

> / (p(T),g'(T))rfT-T / H(q(T),p(T))dt = A HA (x,T), 

and the equality holds if and only if x(t) is the image of (<?(t), q' (t)) by the Legendre transform, 
for every r £ T. The other statements follows from the identity 

A ff , A (x,T) = -A#, A (a:(-),-T). 

□ 

If (w, v) is an element of Ais(w, z), the above lemma and the coupling condition (112. ip imply 
the inequalities 



A/o e (z) < A H ,A,(»i(«)) < A ff , A >!(0)) = A h ,a(«i(0)) - / q* m {9) 

Jl (12.3) 
<§i(g m ,T m )- / q* m (0) =^L-e{q m ,T m ) <E> L -e(w h ) <§L-e(w), 

which allows to prove the compactness of the space M.s(w, z). The estimates for Mx(z, w) are 
similar. Automatic transversality for the stationary solutions follows from the differential version 
of Lemma ll2.1[ analogous to Lemma 15.31 The usual counting procedure defines the chain maps 3 
and T. 

Properties of 5 and T. The chain maps 3 and T preserve the splitting of the complexes 
associated to the different free homotopy classes of loops in M. Moreover, the inequality (|12.3[) 
and the analogous inequality for the elements of A4y(z, w) imply that they preserve the action 
filtrations, meaning that for every A > there holds 

5 : Mi°' A1 (S, s) RF ] -°°' A] (W, X e ,a), T : RF ] -°°'- A] (W, A e , a) -> M^^S, -s). 

Furthermore, the same inequalities and automatic transversality at the stationary solutions imply 
that 3 has a left inverse 3 with kernel RF~~ , and T has a right inverse T with image RF~ . As 
before, RF~ is the subspace of RF generated by critical points z of a which have either negative 
action A(z), or are of the form z = z~ , for q a critical point of s on M, the space of critical points 
at infinity of §. 

If we consider just the complexes corresponding to the true critical points of S, that is 
Af|°' +oo[ (S,s) and Mf Q i+oo[ (S, -s), the chain maps 3 and T induce chain maps 

5 : Ml°- +oo[ (§, s) -> i?Fi < +oo[ (TF, A,, a), f : RFt^W, \ e ,a) -> M^^S, -s), 

which arc isomorphisms. In particular, 

HRFl°' +cal {W,X e ,a) = if* (AM, M), HRFl~°°'° l {W,\e,a) « ff 1_ *(AM,M). 

Arguing as in the proof of Proposition [8T] one sees that the composition T o 3 is chain homotopic 
to zero, that is there is a homomorphism 

Q : M*(S,s) -» Af - *(S,-a), 

such that 

ToE = Qd + 5Q, 
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and Qq min S M? Q +cc j(§, — s). Because of index reasons, Q can be non-zero only from Mo(§, s) to 
M°(S, — s). Then the chain map 

n : M*(S,s) -> RF*(W,\ e ,a), n := 3 - TQ<9 - <9TQ, 

is chain nomotopic to 3 and, arguing as in the proof of Theorem 19. 11 one can show that the short 
sequence 

M* (S, s) flF* (W, A e , a) $ M 1 -* (§, -s) -> 
is exact. The induced long exact sequence is 

► HM k (S, s) n ^f * HRF k (W, A 9 , a) ^ HM 1 ~ k (§, -s) ^ fTM fc _i(S, s) - . . . 

where the connecting homomorphism 

A* : HM- k (S, -s) ^ H- k (AM) -> H k (AM) = HM k {§, s) 
can be non-zero only for fc = 0, where it coincides with the composition 

A* = io ° x(T*M) o 7T , 

see the discussion after the statement of Theorem 19.11 This concludes the proof of Theorem [2] of 
the Introduction. 

A Appendix - An Alexandrov-type maximum principle with 
Neumann conditions on part of the boundary 

The aim of this appendix is to prove Theorem l2.8l The proof is similar to the proof of the classical 
Alcksandrov weak maximum principle contained in Section 9.1 of GT83]. 

Theorem 12.81 is stated for a first order perturbation of the Laplace operator on a bounded 
open subset f2 of the half-cylinder ]0, +oo[xT, but it is useful to translate it into an equivalent 
statement for a domain of the plane. To do this, we transform Q into Q :— tp(Cl) by means of the 
conformal diffeomorphism 

ip : M + xT->C\ Bi(0), tp(a, t) := e 2 < s+it \ 

If u is a regular function on f2, then u := u o ip^ 1 is a regular function on Cl and 

Vu(ip^ 1 (z)) = 2?rz Vu(z), Au{(p~ l {z)) = 4tt 2 |z| 2 Au(z). 

Therefore, u satisfies the elliptic differential inequality 

Au + b ■ Vu > / 

if and only if u satisfies the elliptic differential inequality 

Au + b ■ Vu > f, 

with 

The set Q is bounded if and only if f2 is bounded. In this case, there is a constant c > 1 such that 
-\\b\\L2(n) < \\b\\ L '(Q) ^ c ll b IU 2 (n), -Wrh^n) < ll-Tlli^n) < c\\f-\\ L 2 {n) . 
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Finally, the partial derivative with respect to s of u at a point (0, t) becomes the radial derivative 
of u at the point e 27Tlt . 

By these observations, Theorem 12. 81 can be restated in the following equivalent way. Let fl be 
a bounded open subset of R 2 , assumed to be disjoint from the open unit ball £?i(0), and consider 
the following partition {£, E'} of dd: 



£ := dil\dBi(0), £':=SQ\£. 

Notice that if z £ E', then \z\ = 1 and there exists e > such that the segment ]1, 1 + e[z is 
contained in Q. In particular, any u £ C l (Cl) has a well defined radial derivative du/dr at such a 
point z. Then we have: 

Theorem A.l Let be as above. Then for every map b £ L 2 (f2,R 2 ) there exists a number 
C depending only on d := diamfi and on ||6||L 2 (fi) such that for every f £ L 1 1 oc (0) and every 
u e C 2 (fl) H C^O) w/iic/i satisfies 

Au + b-\7u > f in Q,, (A.l) 

^- > onE', (A.2) 
or 



there holds 



supu < supu + C\\f \\l 2 (Q)i ( a -3) 
n s 



where f denotes the negative part of f . 

Proof. If v £ C (CI) and zq £ f2, we denote by Xv( z o) the set of upper differentials for v at z, 
that is 

Xv(zo) ■= {p € R 2 | < ufo) + p • (z - z ) Vz e I!} . 

The upper contact set r„ of u is the set of all zq in f2 for which x„(zo) is not empty. Notice that 
if zq £ T v and v is twice differentiable at z$, then 

Xv(za) = {Vv(z )} and D 2 v{z ) < 0. (A.4) 

By a slight abuse of notation, we indicate by Xv{^v) the union of all the sets Xv{zo) for zq £ T v , 
and when v is twice differentiable we consider \v as a map from r„ into R 2 . 

Claim 1. Assume that u £ C 2 (fl) n C^TT) satisfies lA.Sfy . 

u<0 on E, (A.5) 

and 

maxM = u(zo) > 0. (A. 6) 

n 

T/ien X u (r u ) contains the half ball 

l P £R 2 \\p\<^,p.z o <0 



By (IA.2[) . (|A.5|) . and (|A.6|) . the maximum point zo belongs to fl. Let v be the function whose 
graph is the cone of vertex (z ,u(zo)) and base dCl. Since Cl C Bd(zo), the set Xv(F v ) contains the 
ball B u ( zo y d (0), and it is enough to show that any p in Xv(^v) with p ■ z < belongs to Xu{^u)- 
Consider such a p, and let i* be the minimum of all numbers t such that 

u(z) < t + p ■ z, Vz £ft. 
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By minimality, there exists a point z* £ f2 such that the above inequality is an equality when 
t = t* and z = 2*. Therefore, 

u(z)<u(z*)+p-(z-z*), Vzefi. (A.7) 

If we prove that z* does not belong to <9f2, then z* is in T„ and p belongs to X«(r„), as wished. 
Assume first that z* is in £'. By (|A.2|) . 

Ou 

u((l + e)z*) = uO*) + £— (z») + o(e) > + o(e), for e 1 0, 

or 

while by (|A.7j) . 

u((l + e)z*) < u(z*) + ep • z*. 

By comparing the above two inequalities as e J. 0, we deduce that p ■ z* > 0. Then the fact that 
zo is a maximum point and (|A.7j) imply 

u{z*) < u(zo) < w(z*) + p- (zo — z*) < u(z*) + p ■ z , 

so p ■ zq > 0, contradicting our assumption on p. 

Assume now that z* is in E. Then (|A. 7|) and (|A.5j) imply 

u(zo) < u(z*) + p ■ (z - z*) < p • (z - z*). (A. 8) 

On the other hand, the fact that p is in Xv(^v) — Xv( z o) implies 

= v(z*) < v{zo) + p- (z* - z ) = w(z ) +p ■ (z* - zo). (A. 9) 

From (|A.8jl and (|A.9j) we deduce that 

p- (z - z*) = u(z ). 

Then by (jATT]) . 

u(z + e(z* - z )) < u(z m ) +p ■ (z + e(z» - z ) - z*) = (1 - e)p ■ (z - z*) = u(z ) - eu(z ), 

which contradicts the fact that u is diffcrentiable at the interior maximum point zq. This concludes 
the proof of Claim 1. 

CLAIM 2. Let g be a non-negative continuous function on K + . Then for every u G C 2 (fl) D C 1 (f2) 
which satisfies iA.2)) . there holds 

M , , 

g(p)pdp<— ^ g(\Vu\)\Au\ 2 dX 2 , 
where 

M := — sup u — sup u I , 
d \ n s / 

and dA 2 denotes the Lebesgue measure on R 2 . 

Up to the sum of a constant, we may assume that sup s u = 0, and in particular (|A.5[) holds. If 
M = 0, there is nothing to prove, so we may assume that also (|A.6[) holds. Then Claim 1 implies 
that the half ball 

B+ := B M (0) n {p € M 2 | p • z < 0} 

is contained in x«(r u ). Then 

[ M g (p) p dp^-[ g (\p\)dX 2 <-[ g (\p\)dX 2 <-[ g(\ Vu\) | det D 2 u\ dA 2 , 
Jo n Jb+ * Jx«0?«) k Jr u 
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where in the last inequality we have used (|A.4|) and the change of variable formula (by using the 
fact that for every e > the map z i— > Vw(z) — ez is injective on T u , one could show that the last 
inequality is actually an equality). Then the conclusion follows from the inequality 

^9 / tr D 2 u\ 2 1 . . l9 
det D 2 u< = -|Au| 2 . 

Conclusion. Now assume that u S C 2 (S1) n C^TT) satisfies (|A.1|) and (|A.2|) . Let 
for some > to be determined. By (IA.1|) . we have the chain of inequalities 

.1/2 



-Au < 6 • Vu - / < |V«| + /" = (|&| 2 |Vu| 2 + {.f-f + 2\b\ |Vu|/ 

< (|&| a |v«| a + (/- ) 2 + e 2 \b\ 2 + l|v«| a (r ) 2 ) V2 - (h 2 + ^(/" ) 2 ) (Iv?i| 2 + 6 



(i&i 2 +^(/-) 2 ) 1/2 5(iv«ir i/2 . 



By (|A.4p . Au < on T u , so the above inequality implies that 

g(\Vu\)\Au\ 2 <\b\ 2 + ±(f-) 2 onr u . 



Claim 2 and the above inequality yield 



2 lo z[ 1 + -er)=l -pTTT2 d P=l 9{p)pd P 



< 



2 



i- £ .(iv.DiA.p dA 2 < i- £ (\ b \ 2 + ^u-f) dx 2 < JL (i| b n 2 2(a) + lur „ i2( o) ; , 

from which we get 



M 2 M 2 ( 1 /,,.„„ I 

"02 



yJ < 1 + — < exp 



(^(ll & lli^) + ^lirili 2( o))). (A.10) 



When / is not zero almost everywhere on Q, we choose 9 = \\f and we obtain 

M 2 < \\f-\\ 2 cx V (±( m 2 +l)) . (A.ll) 



When /~ = a.c. on f2, we can let 6 j in (|A.10[) and we get that M = 0, so (|A.11[) holds also 
in this case. By the definition of M and by (|A.11[) . the conclusion (|A.3|) holds with 

C:=d-exp( i-d|6||J +i 



47T V 



□ 



Remark A. 2 Theorem \A.l\ readily extends to bounded domains Q in R™ \Bi(0), by replacing the 
L 2 norms by L n norms. The regularity ofu in the assumptions could be reduced to the requirement 
that u is in C°(f2) PI W^™(Q) and has a (non-negative) radial derivative at every z G The 
Laplacian could be replaced by any uniformly elliptic operator with bounded coefficients. 
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B Appendix - Morse theoretical description of a Gysin se- 
quence 

Let M be a closed smooth connected manifold of dimension n > 2, and let tt : S*M — > M be 
the cotangent unit sphere bundle over M. The aim of this appendix is to describe the associated 
Gysin sequence in terms of the Morse chain complexes of S*M and M. We use the notation of 
Section 3J The Morse complex M* and the singular homology are based on Z 2 coefficients. 
More precisely, we wish to give Morse theoretical descriptions of the homomorphisms 

tt, : H,(S*M) -» H*(M), m : H,(M) -> H, +n ^(S*M), 

where m is the transfer (or umkehr) homomorphism, that is the homomorphism obtained by 
composing tt* : H*(M) — ► H*(S*M) with Poincare duality, and of the Gysin exact sequence 

-> H k (M) H k+n ^(S*M) H k+n _!{M) ff fc _i(Af) -> (B.l) 

where e € H n (M) denotes the Euler class of T*M . In the case of this (n — l)-sphcre bundle, the 
homorphism elH can be non-trivial only from H n (M) to Hq(M), and between such spaces it is the 
homomorphism 

en : H n (M) -> flo(M), [M] ^ X (T*M) [pt], 

where [M] G H n {M) is the fundamental class, [pt] G H (M) is the class given by a point in M, 
and x(T*M) G Z 2 is the Euler number of T*M, which coincides with the Euler characteristic of 
M (up to the sign (—1)™ that we can ignore because we are using Z 2 coefficients). The exact 
sequence (|B.1|) allows to compute the homology of S*M as follows: 

!H k (M) if k < n - 2, 

ff n _ 1 (M)8(l-x(T*M))Z 2 iffc = n-l, 

Hi(M) © (l — x(r*M))Z 2 if * = n, (R2) 

H k _ n+1 (M) iffc>n + l. 

Let / G C°°(M) and ft € C°°(S*M) be Morse functions. If we assume that 

Vx G crit /i such that 7r(x) G crit /, there holds ind (x; h) > ind (vr(x); /), (B.3) 

then for generic Riemannian metrics gs on S*M and gu on M the following fact holds: For every 
pair of critical points x G crit h, q G crit /, the unstable manifold W u (x; — V/i) of a; is transverse 
to the pull-back 7r — 1 (W S (<7; —V/)) of the the stable manifold of q. Notice that the condition (|B.3[) 
is also necessary for the latter fact to hold: In fact, if x G crit/i is such that ir(x) G crit/, then 
the transversality of W u (x; — V/i) and tt~ 1 (W s (tt(x); —V/)) implies that 



T x W u (x; -Vh) + dirix)- 1 T <x) W s {tt{x)- -V/) 



and by comparing the dimensions we deduce that ind (x; h) > ind (7r(x); /). 

Let 5s and c/m be Riemannian metrics on S* M and M such that that the above transversality 
requirement holds, and that the negative gradient flows of h and / are Morse-Smale. Then, if 
x G crit h and q G crit / have the same Morse index, the set 

W u (x; -V/i) n ir- l (W s {q\ -V/)) 

is finite, and we denote by n^(x, q) G Z 2 its parity. The homomorphism 

rl> : M t (h) -» M,(f), x i ► ]T ny,(x,<z) ? , 

qGcrit / 
ind (q;/)— ind (x:h) 
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is a chain map, and it induces the homomorphism 71% in homology (see e.g. Appendix A in [AS08] ): 

V>, = tt, : HM*{h) S H,(S*M) -> HM.(f) = H,(M). 

Similarly, the condition 

Vx 6 crit ft such that tt(:k) € crit /, there holds ind (x; ft) < ind (n(x); f) + n — 1, (B.4) 

implies that if the metrics gs and are generic, then for every pair of critical points x € crit ft, 
q G crit/, the pull-back ir~ 1 (W u (q; —V/)) of the unstable manifold of q is transverse to the stable 
manifold W s (x; — Vft) of x. Then, if the Morse indices of q S crit / and x S crit ft are related by 
the formula ind (x; ft) = ind (g; /) + n — 1, the set 

Tf-^W^-V/)) n VF s (x;-Vft) 

is finite, and we denote by n^(q,x) € Z2 its parity. The homomorphism 

<j) : M*(/) -»• M* +n -i(h), q^ n<f,(q,x)x, 

x £ crit h 
ind {x\h)— ind (g;/)+n— 1 

is a chain map, and it induces the transfer homomorphism ir\ in homology (see e.g. }CS09j ): 

0, = TT, : £* fl»(M) HNU +n ^(h) = H* +n ^(S*M). 

Now assume that the Morse functions / € C°°(Af) and ft S C°° (S*M) satisfy the following 
additional requirements: 

(1) / has a unique minimum point g m i n , a unique maximum point g max , and is self-indexing, 
that is f{q) — ind (q; /) for every q 6 crit /. 

(2) / o TT < ft < / o TT + 1/2 on 5*M. 

(3) Every critical point of ft lies above a critical point of /, and for every critical point q of / 
the fiber 7r —1 (g) contains exactly two critical points of ft, that we denote by x~ and x^, such 
that h(x-) = f(q) and ft(x+) = f{q) + 1/2. 

(4) For every q in crit /, we have ind (x~; ft) = ind (q; /) and ind (xj; ft) = ind (g; /) + n — 1. 

If / G C°°(M) is any Morse function which satisfies (1) (see e.g. |Mil65j for the construction 
of such functions), it is easy to construct a Morse function ft € C°°(S*M) so that the conditions 
(2-3-4) hold. In fact, let fto be a smooth Morse function on S 1 ™ -1 with a unique maximum, a 
unique minimum, and such that 

min fto = 0, max ftn = — . 

g„_l ' S n-1 2 

Let us fix pairwise disjoint open neighborhoods U q C A/ of each critical point q of /, and local 
trivializations 

K'^Ug) ^K n x S n ~\ (B.5) 

mapping 7r _1 (0) onto {0} x 5 n_1 . If ip € C°°(K n ) is a smooth compactly supported function such 
that <p = 1 in a neighborhood of 0, < ip < 1, and 

\\dvm<\\df(0\\, V£eR", (B.6) 
we define ft in 7r _1 (t/ g ) by using the local trivialization (|B.5[) as 

»?) == / (0 + fiOhoiv), V(C, 77) g R" x S"" 1 . 
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Such a function extends smoothly to the whole S*M by defining h(x) :— f(ir(x)) for x outside the 
union of all 7r _1 ([/ 9 )'s, for q £ crit/. The condition (|B.6|1 guarantees that h has no other critical 
points than those in 7r _1 (crit/). By construction, h satisfies (2-3-4). 

Notice that by the assumption (4), both the conditions (|B.3[) and (|B.4[) are satisfied. If £ £ 
M*(/) is a chain, 

£= E 

q£crit / 

then we denote by x^ and x^" the corresponding chains in M*(h), defined by 



q£crit/ q£crit/ 



The assumption (1-2-3-4) imply that the Morse complexes of h and / are related in a very simple 
way: 

Proposition B.l Assume that the Morse functions f £ C°°(M) and h £ C°°(S*M) satisfy 
(1-2-3-4)- Then, the following facts hold: 

(a) The boundary homomorphisms on M*{h) and M*(/) are related by the formulas 

dx+ = x^ q Vq £ crit /, 

dx~ = Xg q Vq £ crit / \ {<? max }, 

dx ^=x{T*M)x+_. 

(b) The homomorphism <f> : M*(/) — > M* +n _i(/i) maps each q £ crit / into 2;+. 

('cj TTie homomorphism tp : (n) — > M* (/) maps into and x~ into q, for every q £ crit /. 

By the conclusion (a) above, the subspace of M*(h) spanned by the £+'s, for q £ crit/, is a 
subcomplex. Instead, the subspace of M*(n) spanned by the Xq S is R subcomplex if and only if 
the Euler number %(T*M) is zero. By the conclusions (b) and (c) of Proposition lB.il the short 
sequence of chain maps 

-> M*(/) M* +n _x(/i) ^> M* +n _i(/) -> (B.7) 
is exact. Therefore, it induces the long exact sequence 

► HM*(f) HM* +n - X {h) HM* +n - X {f) ... (B.8) 

in homology. By the conclusion (a) of Proposition IB. II the connecting homomorphism d* , which 
can be non-zero only between HM n (f) and HMo(f), is the homomorphism which maps [<7 max ] 
into x(T*M)[q m i n ]. We conclude that the exact sequence (|B.8|) corresponds, via the isomorphisms 
between Morse homology and singular homology, to the Gysin sequence (|B.1[) . 

Proof, [of Proposition IB. 1] Let q, q' be critical points of /, and let x be a point in the inter- 
section 

n- 1 (W u (q;-Vf)) nW s (x-,;~Vh). (B.9) 



Then we have 



If moreover 



Hx)<mx) ) + \< m + \, (rio) 

h{x) >h(x~,) = f(q'). 



ind (x-,;h) = ind (q'; f) = ind (q; /) + n - 1. (B.ll) 
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then either q = q m i n and ind (g'; /) = n — 1, or ind (q; f) — l and q' — g max . In the first case, the 
inequalities (|B.10[) imply 

h(x)<~, h(x)>n-l. 

In the second case, they imply 

3 

h(x) < — , h(x) > n. 

Since n > 2, in both cases we obtain a contradiction. This shows that when the index relation 
(|B.11[) holds, the set (|B.9[) is empty. In particular, n<p(q,x~,) = 0. 
Now we assume that x belongs to the set 

n-^W^-Vf)) nW s (x+;-Vh), 

with 

ind (xj; h) - n + 1 = ind (g'; /) = ind (q; /) = k. 
Then the fact that x belongs to n~ 1 (W u (q; —V/)) implies 

h(x) < f(n(x)) + \ < f(q) + \ = k + 1 (B.12) 

while the fact that x belongs to W s (x^,; — V/i) implies 

^)>/i(4) = /(g') + ^ = fc + ^ (B.13) 

Therefore, equalities must hold everywhere in (|B.12[) and (|B. 13|) . so q — ir(x) and x = xj, hence 
q' = q and x — x+. We deduce that n ( / } (q,x^,) is zero when q' ^ q, and it is one when q' = q. 
We conclude that the statement (b) holds. Since is a chain map, also the first identity in the 
statement (a) holds. 

Now let x be a point in the intersection 

W u (x+; ~Vh) n iC\W'tf\ -V/)). (B.14) 

Then 

H x)<h(xt) = f(q) + 1 -, (ri5) 
h(x) > f(n(x)) > f(q'). 

If moreover, 

ind (x+;h) = ind (q; f) + n-l = ind (</; /), 

then either q — g m ; n and ind (g'; /) = n — 1, or ind (q; f) — l and q' = g max . In the first case, the 
inequalities (|B.15j) become 

h(x) < — , ft-(a;) > n — 1, 

and in the second case 

3 

< — , h(x) > n. 

In both cases, we conclude that the set (|B.14[) is empty, and hence n^(x^,q') = 0. 
Finally, we assume that x belongs to the set 

W u (x~;-Vh) n 7T" 1 -V/)), 

with 

ind (Xg ; fo) = ind (q; /) = ind (q 1 ; f) = k. 
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Then 

h(x) < h(x-) = f(q) = k, h(x) > /(7r(a:)) > f(q') = k, 

from which we deduce that x = x~ , q' = n(x), so q' = q, and hence n^{x~ , q 1 ) = when q 1 ^ q, 
while n^(Xg,q) = 1. This proves the statement (c). 

Let P~ : M*(/i) — > M*(/i) be the projector onto the subspace spanned by the x~'s, along the 
subspace spanned by the x+'s. Since ip is a chain map, the statement (c) implies that 

p-dx-=Xg q , Vgecrit/. (B.16) 

Since 

ind ft) = ind (q; /) < n, ind (ad~ ; /i) = ind (g; /) + n — 1 > n — 1, (B-17) 

the boundary of every x~ with q ^ g max is contained in the image of P~ , so (IB. 161) implies the 
second identity of the statement (a). Since q max is a cycle in M*(/) (because HM n (f) = H n (M) ^ 
0), (|B~T6|) and (|BT17|) imply that 

for some S € Z2 to be determined. Since we are working with Z2 coefficients, a fast way to check 
that S — x(T*M) is the following. By (b) and (c) the short sequence of chain maps (|B.7|) is exact, 
so it produces the long exact sequence (|B.8[) in homology, where the connecting homomorphism 
9* is given by 

^ : HM n (f) -» ™ (/), [ 
Then the exactness of the sequence (|B.8|) implies that 

HM n _ 1 {h) = 5Z 2 , 

but since HM n _ 1 (h) = H n _ x {S*M), (jB~2|) implies that 5 = x(T*M). This concludes the proof of 
the statement (a) and of the proposition. □ 

Remark B.2 The results of this appendix can be easily extended to arbitrary sphere bundles over 
closed manifolds, and to integer coefficients, by assuming orientability. In this case, the fact that 
the connecting homomorphism in the long exact sequence \B.8\) is the cap product by the Euler 
class of the sphere bundle can be proved by looking at the cellular filtrations produced by the negative 
gradient flows of f and h. 
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